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1 Introduction.

Among the problems inherent to the design of
modern aeroplanes, those dealing with aero-elastie
phenomena take an important place. Their group
includes all phenomena resulting from mutual
interaction of elastie deformations and aerodyna-
mie forees. Especially for large and fast aero-
planes, aero-clasticity may affeet appreeciably the
characteristics of stability and confrol as well as
the reactions to gusts. Stability, control and gust
loads can also be considered with the assumption
of rigid aeroplanes and, in faet, for the slower,
and due to their smaller size, less flexible aero-
planes of some 15 years ago such investigation
was usually sufficient. But aero-elasticity intro-
duced also an entirely new phenomenon, not exist-
ing for rigid aeroplanes, called “flutter”, which
denotes a form of unstable oscillations.

An aeroplane, being a system with at least partly
continuously distributed mass and elastieity, pos-
sesses an infinite number of natural frequenecies
and modes. Vibrations of the aeroplane will show
a certain decay for each of the component modes.
This decay depends on the structural damping of
the system and on the natural frequency of the
mode. When now the aeroplane is pla ed in an
airstream of wvelocity v, the aerodynamie foreces
will influenee the natural frequencies as well as
form and decay of the modes. For small values
of v the modes will be more heavily damped than
in still air but when the air speed is inereased
further, it may happen that the damping of one
or more of the modes decreases and even becomes
zero. The corresponding values of the speed are
called flutter speeds. When inereasing the speed
beyond sueh a value, the mode becomes unstable,
which may eventually lead to serious damage and
even to the total destruetion of the aireraft. A
particularly treacherous property of flutter is that
the flutter speed may be passed unperceived, since
often a small initial disturbance (e.z. a gust) is
required to start the vibratioms. If this disturb-
ance does not oecur before the flutter speed has
already been exceeded by a certain amount, the
vibrations build up very fast, possibly leading to
almost instantaneous destruetion. These features
make it important that for new types of aireraft
the flutter behaviour is always carefully investig-
ated.

Usually, the flutter investigation will he started
when the aeroplane is still in the design stage.
Preliminary, wvery simplified flutter calculations
will then be made to get a rough survey ahout
possible flutter diffieulties in the later stages. 1f
neeessary, the design will be modified to prevent
these difficulties.

When decisions have been taken about the main
features of the design, preparations will be made
for more accurate flutter ealculations. Data for
mass and stiffness distributions can be derived
from appropriate drawings. The system forming
the base of the flutter ecaleulations will be an
idealized system with linearized elasticity and
damping. Hence, all effects of wrinkling or buck-
ling of the skin are neglected as well as the
property that the damping coefficient usually in-
ercases with the vibration amplitude.

Besides flutter also vibrafions of the aeroplane
wn still air will be investigated. The latter provide
a valuable check for the inertia and elastie forees,
sinee it may bhe compared with the result of the
resonance test. The inertia forces will usually be
reliable, but in the caleculation of the elastic forees
one is eompelled to make a series of simplifying
assumptions. One of these 1s that, concerning the
elastie deformations, the wing is usually replaced
by a beam of finite flexural and torsional stiffness
and infinite shear stiffness. Hence, differences be-
tween the resonance test and the caleulation for
still air are nearly always due to inaceuracies in
the elastic forces. Another possibility of obtaining
the data on elasticity, once the aeroplane has been
construeted, is to measure influence funections by
aid of static loading tests.

One method of correeting the caleulated elastic
foreces is to multiply each flexural or torsional
stiffness with a suitable factor to induce coin-
cidence bhetween measured and ecaleulated natural
frequencies. It is advisable to take this factor
somewhat smaller in terms rveferring to higher
modes since the shear deformations are of rela-
tively more importance for such modes. Agreement
of frequenecies will usually be sufficient as the
distribution of the stiffness is only of importance
for the mode, which, in general, may be modified
appreciably hefore it affeets the flutter speed to
any degree. The last favourable feature makes a
correetion of the stiffness distribution superfluous.

Another line of approach towards the flutter
problem is to make use of dynamic models, which
are geometrically and dynamically similar to the
whole aeroplane or to a part of it. When such a
model is placed in the windtunnel, the flutter
speed may be measured directly and, if special
precautions are taken, the model need not be des-
troyed when flutter oceurs. However, the con-
struetion of a good model is diffieult and takes
a long time, so that it is usually more expensive
than the ecaleulations: moreover due to inevitable
simplifications the elastic behaviour of the model
will be essentially the behaviour of a schematized
structure. Henee the use of models is only advised
in cases where the ealeulations are considered to



he unreliable due to doubtful sehematizations on
aecrodynamic data. Then the windtunnel test may
he decisive.

As a final cheek flight flutter tests by means
of vibration exeiters may be useful. Though they
must be performed with the greatest caution, they
can give the ultimate proof of the aeroplane’s
safety. Such tests give the possibility of measuring
the response of the aeroplane to vibration ex-
citation as funetion of frequency and speed. When
the speed iz augmented in small steps, the way in
which the response of the structure increases gives
the required warning before reaching the critical
speed.

Flutter investications may greatly be reduced
when the aeroplane is designed in conformity with
the flutter airworthiness requirements. For con-
ventional aeroplanes it can be assumed that such
practice eliminates any flutter danger. However,
sinee these requirements do mot take into account
all parameters affecting the flutter speed, this
may lead in some cases to designs which are un-
necessarily heavy.

Accurate ealeulations of the flutter speed have
only beecome possible after the development of
non-stationary aerodynamics in its modern form
due to Kiissner (ref. 1), THrRODORSEN (ref. 2),
Crcava (ref. 3), W. P. Jones (ref, 4), ReIssNEr
(ref. 5), Tomman (vef. 6) and many others. How-
ever, only the problem of two-dimensional, incom-
pressible flow about an oscillating aerofoil may be
considered as completely solved in a form suitable
for practical caleulations, The problem of two-
dimensional subsonic and supersonie, as well as
that of three-dimensional incompressible, non-
stationary flow is at the moment still in a state
of development and research. In nearly all flutter
caleulations made until now, compressibility has
either been neglected or been taken into account
by a simple application of the PRANDTL-GILAUERT
rule, though more recent investigations (ref. 7)
have shown that the latter method even fails to
give a first approximation to the compressibility
correction for oscillating aerofoils. As to the three-
dimensional problem, this is usually approached
by strip-theory, which involves the assumption
that in each wing section the aerodynamic forces
are equal to the forces which would be obtained
if that section were part of an infinitely long
eylinder (and which ean be inferred from two-
dimensional ‘theory). This assumption, though it
has the advantage of simplicity, is probably con-
servative with regard to the flutter speed obtain-
ed. But a real three-dimensional theory would
require a spanwise distribution of vortex strength
and this is a problem which even in the case of
steady flow leads to laborious and only approxi-
mate calculations,

The motion of the oseillating system is described
by a set of integral or differential equations, con-
taining terms originating from inertia, elastic,
damping and aerodynamic effects. Unknowns in-
volved in these equations are the frequency v, the
reduced velocity V =wv/ve (v=speed, ¢ = wing-
chord), which is the parameter determining the
aerodynamice coefficients, and the amplitude of
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vibration at any point of the system. The main
object of solving the flutter problem is to detex-
mine those values of the reduced veloeity for which
the equations admit a real solution for the fre-
queney v, which also should be determined. From
these values the flutter speeds follow immediately.
The dependence of the aerodynamiec forees upon
the reduced velocity being of a complicated and
transcendental character, the usual method of
solution is to assign a series of values to V and
to solve the equations for each of them,

Now, it is impracticable to establish analytical
solutions of the integral or differential equations
governing the motion and henee, use must be
made of approvimate methods, Two different
methods are available, namely the method of
Galerkin and the iterative method. In (GALERKIN’S
method the deformations are expanded towards a
finite set of preseribed functions and the differ-
ential or integral equations are transformed in a
well-known manner to a set of homogeneous, linear,
algebraic equations involving a number of general-
ized coordinates and containing the frequency as
unknown parameter. The generalized coordinates
are the expansion coefficients of the total defor-
mation in terms of the set of preseribed funetions.
Each of these funetions adds a new possibility of
admitted deformation, i.e. a new degree of free-
dom, to the system. The generalized coordinates
indicate how the final deformations are built up
from the warious degrees of freéedom. It is con-
sidered in this thesis how GALERKIN's method ecan
best be applied in flutter ealeulations in order to
obtain the most accurate results with a certain
number of degrees of freedom.

Flutter calculations of 10 years ago rarely in-
cluded more than 3 degrees of freedom. A typical
example is the case, in which the 3 degrees of
freedom deseribed respectively a wing flexural
deformation, a wing torsional deformation and
aileron defleetion. The assumed wing defor-
mations usually had the ceharacter of fundamental
modes. Nowadays, it will often bhe required to
perform flutter caleulations with a greater number
of degrees of freedom. This is mainly due to the
trend towards larger aeroplanes which has the
effeet of reducing the natural frequencies of the
structure. So, the lowest bending frequency in
still air of the wing of the Bristol Brabazon
is of the order of 2 Hz, while 3 Hz is a common
value for many modern aeroplanes; formerly a
usual value was 8 or 10 Hz. Though the deerease
of the bending fundamental frequeney is not un-
favourable to flutter, it is combined with a de-
erease in the frequencies of the first bending over-
tone and of the fundamental in torsion. Especially
the last effeet may be very serious, since the flutter
speed is approximately proportional to this fre-
queney.

In general, all deformations of the system of
which the natural (coupled) frequency (rad/sec)

OTvc’ see See. 15)

must be ineluded as degrees of freedom unless
careful consideration shows that a certain defor-
mation will relatively little affeet the flutter mode,

lies below a ecertain limit (~



The general decrease of frequencies as mentioned
above makes that more degrees of freedom must
be taken into acecount. It is true that for larger
aeroplanes the chord ¢ inereases, but the natural
frequencies deerease more rapid than the limit
%
05 ¢

Amnother cause of more degrees of freedom for
large aeroplanes is that they are often provided
with tabs for reducing eontrol forees to bhe exerted
by the pilot.

Furthermore, large concentrated masses (motor,
fuel tanks) tend to cause more difference between
a mode in still air and at a certain speed. This
can be made eclear as follows. In still air the
inertia forces compensate the elastic forees. At
flutter, the aerodynamic forees which have a con-
tinuous distribution along the span must be com-
pensated by a difference between inertia and
elastic foreces. However, both inertia and elastic
forees retain, for unchanged mode, their original
distribution and hence, any difference hetween
them has the same discontinuous distribution and
can never compensate the continuous aerodynamic
load. Thus the mode will change and overtones
in still air must be ineluded for representing the
fundamental at the flutter speed.

The foregoing reasons make that caleulations
with some 8 or 10 degrees of freedom will be
required in the near future,

One of the purposes of this thesis is to describe
methods of analysis which are practicable when
flutter caleulations involving many degree of free-
dom must be performed. The chief problem result-
ing from the inerease of the number of degrees
of freedom is mathematical and computational in
character, sinee it consists of solving determinantal
equations of high degree. Iterative methods seem
to be extremely appropriate, but the solution is
complicated by the non-self-adjointness of the
eigenvalue problem leading to charaeteristic equa-
tions with unsymmetric and complex elements and
by the faet that the interesting solution usually
does not correspond to the largest characteristic
value of the matrix. ;

The iterative method can also be applied diveet-
ly, i.e. without the intermediary of (GALERKIN
equations, to the integral equations. The integrals
in these equations then are approximated by some
suitable integration rule, which leads again to a
determinantal equation of high depree. However,
when some knowledge about the modes is avail-
able, the method of the (GALERKIN eguations will,
in general, be preferable.

The solution of determinantal equations of high
degree is brought well within the teehnical possi-
bilities by the development of punch card machines
and of eleetroniec computing machines,

The chapters 2 to 14 of this report are chief-
ly of a theoretical nature, while the remaining
chapters 15 to 20 deal with the application of this
theory to the actual flutter ecaleulations of an
existing aeroplane. These caleulations are restrict-
ed to the symmetric vibrations of the horizontal
tailplane, which is the reason that in chapter 2
the equations of motion are derived for this system.
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A large part of the experience, gathered at the
National Aeronautical Research Institute during
the last 10 years, has been employed in performing
these caleulations. This experience has been obtain-
ed by close eollaboration of Dr J. H. GREDANUS
and the author. In this connection it may be
mentioned that the idea of the generalization of
the (Gauerxin method (Ch. 4) is for a great part
due to Dr GreEmasvus, while the development of
the iterative methods in Chapters 5—8 is mainly
due to the author. The first sections in Ch. 9 are
from the author, but the idea of the method of
See. 9.6 oceurred to Dr Gremaxus. The idea to
apply the escalator method to flutter problems in
the form deseribed in Ch. 12 is from the author.
In the investigation of the methods of Ch. 13
Ir. D, J. HorsomMeER took an active part. Ap-
plication of the theory to the actual calculations
deseribed in Chs, 14—20 is from the author, while
the computations were performed by the Compu-
tational Department of the Nat, Aero. Res. Inst.

2 The equations of motion,

2.1 General.

In this section the equations of motion for a
mechanical system consisting of a horizontal tail-
plane, attached to an elastic fuselage, are derived.
In the first place these equations are deduced as
integro-dif ferential equations by considering the
equilibrium of bending and twisting moments
acting on a certain part of the system (Sec. 2.4).
In See. 2.6 these equations are transformed into
differential and in Sec. 2.7 into pure infegral
form. By the introduetion of artificial springs at
the conneetion of stabilizer and fuselage, which
afterwards arve taken infinitely stiff and by making
use of Dirac’s 8-function, it appears to he possible
to write the set of differential equations as a single
matrix equation, which in the absence of aero-
dynamic forces is completely symmetrie, i.e. self-
adjoint. Moreover, the boundary conditions are
such that the corresponding eigenvalue problem is
also self-adjoint (Sec. 4.2). This has the important
result that the wellknown theory of self-adjoint
problems can be applied when the equations are
brought in this form (e.g. GALERKIN equations
will also hecome symmetrie),

See, 2.7 deals with the transformation into pure
infegral equations for the case that the system is
connected to a fized reference system. After
having performed suitable reductions, the integral
equations take the usual form with influence fune-
tions. However, these influence functions only
exist when there is a connection with a fixed
reference system. When this connection is absent
as in the ecase of a free aeroplane, it is more
difficult to derive integral equations containing
only displacements and no deformations (Sees 5.7
and 5.8).

Finally, the effects of the mobilify of the com-
trol column are considered in Sec. 2.8. It is shown
that the usual assumption made for symmetrie
elevator oscillations, viz. that of zero control cable
stiffness, only holds if the inertia of the control



column can be negleeted. A general formula yield-
ing an effective control cable stiffness, which
depends upon the natural frequency of the eontrol
column when the control surface is locked and
upon the flutter frequeney, is presented. If the
flutter frequency is smaller than the natural fre-
quency, the effeetive stiffness will be negative.

2.2 Defination of the mechanical system considered.

The system will be assumed te have the follow-
ing properties:

(i) Perfect symmetry with regard to the ver-
tical plane through the longitudinal axis.

(ii) The horizontal tamilplane has a straight
elastic axis, defined as the axis along which a
loading induees only bending but no torsion.
Bending and torsion, defined respectively as the
deformations of and about the elastic awxis, are the
only deformations to which the stabilizer is sus-
ceptible. Sections perpendicular to the -eclastic
axis maintain their profile without distortion. The
elevator is considered to be continuously hinged
to the stabilizer and is controlled at two (mutually
symmetrical) sections. The angles made by the
clastic axis and the hinge axis with the lateral
axis of the aeroplane are negligible.

(iii) The fuselage is susceptible to vertical bend-
ing, to lateral bending and to torsion. In this
chapter the wing will be assumed completely rigid
and will, mechanically, be considered as part of
the fuselage.

When in other cases a system must be inves-
tigated, where the wing or the vertical tailplane
plays an essential part, similar assumptions may
be made. For orthodox acroplanes they are usually
satisfied in sufficient approximation to justify
their application, However, for elastically com-
plicated wing structures as in the case of a wing
with large eut-outs for a retractable landing gear,
an elastic coupling may appear indispensable,
Moreover, for swept wings there exists in general
no elastic axis. It is shown in ref, 8, how an
elastic coupling may be introdueed for a swept
wing with ribs perpendicular to the spars.

It is well-known that for a symmetrical clastic
body the modes of vibration separate into syni-
metric and anti-symmetric modes, For symmetric
modes the displacements of symmetrically situated
points are equal, while for antisymmetrie modes
they are opposite in sign.

In the sequel the derivation of the equations of
motion will be restrieted to the symmetrie case,
thus preventing fuselage lateral bending and tor-
sion. An analogous freatment for a wing-aileron
system has been given in ref. 9.

2.3 Definition of coordinates.

A rectangular system of coordinate axes is in-
troduced, the X-axis coineiding with the aero-
plane’s longitudinal axis (positive backward) and
the Y-axis parallel to the stabilizer’s elastic axis
(positive to starboard) and ecoineiding with the
wing’s elastic axis. The displacements of the
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mechanical system then are defined as follows
(compare fig. 2.1, where the positive directions are
indicated).

X0
p
/
FUSELA i
i’
/f.l
’ Lo
B
e
-'" “
2. P
‘
XKg / 3 /mk,_h( ASTIC AXIS)
(B
i

Fig, 21. The mechanical system consisting of horizontal
tailplane and fuselage.
2(y) total displacement of the elastic axis of
the stabilizer,
a(y) total rotation of stabilizer chord.
B(y) total rotation of elevator chord.
zr(y) total displacement of fuselage.

To obtain the equations of motion in a symme-
trieal form, it is useful to assume that stabilizer
and fuselage are interconnected only in the point
£=1mx., y =0, the connection being formed by
aid of springs in such a way that

ks {2(0) —zp(x.)} =force in the connection
fuselage-stabilizer,

ky{ a(0) — 2z’ (%) } = moment in the connection
fuselage-stabilizer.

Afterwards the spring constants k, and k., will be
taken as infinitely large, although the forece and
moment will retain a finite value.

Moreover, it will be assumed that the fuselage
is linked wp with the ground at the point z=—10
by a spring of strength k. opposing vertical move-
ments of the system and by a spring of strength kg
opposing pitehing movements. This does not agree
perfeetly with the situation during a resonance
test, sinee the system then is supported by two
springs at different points of the fuselage, each
opposing vertical movements. For a non-rigid
fuselage, results will be slightly different, though
this difference is negligible due to the large stiff-
ness of this part of the fuselage. Even resonance
modes at zero velocity are nearly always calculated
without taking aceount of the elasticity of the
support.

Between stabilizer and elevator a spring will be
assumed at the sections y = =+ b, where the con-
trol mechanism aets. Due to the elasticity of the
control cables this spring will introduce equal but
opposite moments B (= b,) —a (= b,) for stabili-
zer and elevator in the seetions ¥y = == b,. Such
moments will always be present if the econtrol
moment acting about the hinge axis of the control
surface is transformed by the control mechanism
in a moment about a vertical axis as is usually
the ease for an aileron hut not for an elevator,



It will, however, be assumed in the following that
the elevator is also controlled in this way, which
is allowed since the spring moment gives rise to
negligible distortions of the stahilizer.

Furthermore, use will be made of Dmmac’s sin-
gular §-function defined by

3(¥,—y®) =0 if y,5£y®,

vy
| 8y —yDydy, =1,
)@
0 ity <y® < g0,
v+
| 8 —~—yD)dy, =4, !
y<i)

This §-function will serve to inelude formally
the effeets of concentrated masses or springs in
the differential equation instead of introducing
them as explicit houndary conditions.

For the derivation of the equations of motion
the following symbols will be used {see also fig, 2.2)

STIC AXIS
INERTIA AXIS (INCL. ELEVATOR)

Fig. 2.2, Chordwise section of ihe tailplane.

My =My Mgy == MS — WSy = M, ,
Mz == Ny8; = My,

Myg =1 + ms* — I, —m$,* — 2 m,s,¢q,
Myy =M, 8:Ca =My, , Myg =1, + m,s,,

where m =mass of stabilizer + elevator per unit

span.

m, =mass of elevator per unit span.

s =distance of the centre of gravity of
stabilizer + elevator aft of the clastic
axis.

5, =distance of the ecentre of gravity of

the elevator aft of the hinge axis.
¢a ==distance of elevator hinge axis aft of
elastic axis.

! =moment of inertia of stabilizer + ole-
vator about their inertia axis per unit
span.,

I, =moment of inertia of elevator about

its inertia axis per unit span.
mp=mass of fuselage per unit length (in-
cluding mass of wing).
B, = flexural rigidity of stabilizer.

and

7'y = torsional _., ,» Stabilizer,
f e R . . elevator,
By = flexural 5 ., Imselage,

5

b =semispan of stabilizer,

hat— v » €levator,

#o =mose of fuselage (negative!).
oy =rear of fuselage.

Considering first the system in vacuum, the
equations of motion, taken always in their linear-
ized approximation, admit in the absence of strue-
tural damping solutions corresponding to harmonic
notions,

This allows the application of complex notation,
where only the imaginary part of complex quan-
tities will have a physical meaning. The time
dependence in harmonic motions is expressed hy
a factor ¢'"f, the rveal gquantity » denoting the
frequency. When damping is introduced, the vi-
brations will decay, but the complex notation ean
be retained. The quantity v in the factor e¢ivt
then becomes itself complex, its real part denoting
the frequency and its imaginary part the damping
of the vibrations,

Turning now to the system placed in an air-
stream of undisturbed velocity v, the equations of
motion, being still linear, will contain also terms
due to the aerodynamic forces. In flutter analysis
investigations are usually restricted to harmonic
motions, since they form the transition bhetween
undamped and damped vibrations. The aero-
dynamic forees for a thin aerofoil with control
surfaces, performing oscillations of (real) fre-
quency v in a two-dimensional incompressible and
inviseid flow have heen caleulated by KiissNer
and Scawarz (ref. 1) and by THEODORSEN and
(iarrICK (ref., 10). The equations of motion for
the system in an airstream ecan formally be obtain-
ed by replacing in the equations for the system in
vacuum the mass eoefficients m; by

Wix = Mip == ?“ch Qi ,

where j should be taken equal to 0, L rorD ide:
pending on the dimensions of the Mix, ¢ denotes
the chord and my is given hy

My,

trpct

The complex aerodynamic coefficients ay depend
on the geometric form of the aerofoil and on the
reduced velocity V, given by

o
VP=—.
Ve

In table 21 of rvef. 11 they are tabulated in
the form, usnally employed in ealeulations at the
National Aeronautical Research Institute. It is
seen that the aerodynamic coefficients can bhe di-
vided into three parts:

(i) a real part, independent of the reduced
veloeity V, ealled aerodynamic inertia,

(i1) an imaginary part, in first approximation
proportional to V, called aerodynamid damping,

(iti) a real part, roughly proportional to V2
and mostly opposite in sign to part (i), ecalled
aerodiynamic stiffness.

The property of symmetry mix =my;, can only
he transferred to part (i) of the aerodynamie



coefficients. Usually this part (aerodynamie in-
ertia) is included in the terms mi, which does
not disturb their symmetry., The equations of
motion written with m then deseribe the oseil-
lations of the system in still air instead of in
vacuum.

The aerodynamic forees of the three-dimensional
wing or tailplane are obtained by strip-theory
(ref. 12). This yields a satisfactory approximation
with probably slightly conservative results for the
flutter speed if the aspeet ratio is not too small.
For small aspeet ratio the resulting flutter speed
will be much too low, as has been pointed out by
Dorr (ref. 13), who compared for a eirenlar aero-
foil results obtained by strip-theory with those
obtained from the exact theory of Krrexes and
Scuape (ref. 14),

Aerodynamie forces at the fuselage will be
neglected.

2.4 Integro-differential form of the equatlions of
motion,

The equations of motion follow from the con-
ditions of equilibrium requiring the vanishing of
the sum of elastic, inertia and jeerodynamic forces
or moments for any part of the system.

In the following it will he assumed that no
struetural damping is present (this being intro-
duced in Sec. 3.6). The displacements are im-
mediately supposed to be of the form ze'' ete., the
resulting equations thus referring to amplitudes,

Stabilizer bending. Equilibrium of moments
about an arbitrary section y acting on the part of
stabilizer -+ elevator which lies starboard of this

seetion. If — by

b
B2’ =+v? [(u”z+1¢12a+umﬁ) (¥, —y)dy, +
n b
+Eo {2e(@)— 2(0)} [ (i 1)8 (4a—0)ly, .
i

(2.1)

From the definition of the &§-funetion, it follows

that only if ¥, =0 the integrand in the last term
does not vanish., Hence, this term is equal to

0 if

— ke { 2a(m) —2(0)}) if

y > 0.
¥ <0.

Eq. (2.1) shows also that 2”(b) =0 and 2”(b) =0.
A similar equation for the part on the port-side
of the seetion y would yield 2”(—b)=0 and
" (—Db) =0, these last two conditions being the
boundary conditions for eq. (2.1).

Stabilizer {torsion. Bquilibrium of moments
about the elastic axis acting on the part of the
stabilizer which lies starboard of the section 1.

1 —bsLy<h

F 6

b

T =v* | (ug? + Ugpee + U8) ly, +
i b
+ k{2 (20) —a(0) } [ 3(y,— )iy, +
o _ (2.2)
+hg { B(—D)—ea(—Db)} [ 8(y,+b,)dy,+
J
_b
kg { B(b)—a(b)} [ 8(y—Dbr)dy,
u ]
with the boundary condition o (—b)=0.

Llevator torsion.  Bquilibrium  of moments
about the hinge axis acting on the part of the

elevator which lies starboard of the section .
I —bh<hs b
b
T,p =v* f (U332 + Ugoer + Wy B) dy, +
] I
kg {a(b) — B0} [ 8y —Dndy, + ) (23)

v Iy

R lat—b R} j' 8(y,+ b,)dy,
¥

with the boundary eondition g'(—b,) = 0.
In this equation b, may be replaced by b making
the additional assumption that w,, —u,, =, =0

it b, <'y <20

Fuselage  bending. Bquilibrium  of moments

about an arbitrary section z acting on the part

of the fuselage aft of this section. If a, éxéxb
@)

B;gz;g”:lrg ’ m;;z;..(a:,—a:)d:xi e

P
Xl

+ ke { 2(0)— 2 (@) } {(:cl-— x) 8 (®,— ) dix, +

x
b

Sl a(0)— zx (2¢) } f 8 (2,— x) A, —

o

(2.4)

.‘L'b
—koer(0) | (2,—2)8 (2,— 0)da,—
€ x‘b
— ko2’ (0) | 8(x—0)da,

i

with the boundary econditions z2p”(z,) =0 and
z;e"’(xﬂ) =),

Sinee the coefficients w;; are complex, the fune-
tions 2, e, 8 and z; will in general also turn out
to bhe complex, This indicates that there occur
phase differences between the bending and torsion
motions of the various parts of the system. More-
over, for each of these motions phase differences
exist along the span (or along the fuselage).

Finally, it may be vemarked that if the equa-
tions of motion are formed for the whole sysiem
and not for one half of it, the symmetric or anti-



symmetric character of the oscillations is only
expressed by the fypes of deformation taken into
account, the boundary conditions and equations
being identical.
2.5 First integrals,

By insertion of the houndary conditions into
the corresponding equations (2.1) ete. it follows
that

ko { 2(0) — 22 (22)} = 2
b
— 2 I (Uy,2 + Uppa + u,B)dy, S 4
b
Fo { @(0) — 22/ ()} = ?
b
e 2l ’ { (% + wai)z + (Voo + Ug) e + ‘ (2.6)
= T T e B £ /
kg { B(by) —a(b,)} +
=1 }1'-3 { ﬁ(— br) —e(— bf)} e
b 27)
— f (Uyy2 + Uype + 1y B)dy, , S
o
%y
kier(0) =»* , mazgde; + )
; % (2.8)
+ 2 / (w12 + Uygex a3 15135)‘13(1 ’ 5
==
xp
k"P 2a'(0) =v* [ MuZpt, A, + )
b (2.9)

iy / {1t s -1y g )R

v
L S P RS T e
cis {'1.‘.-13.’53 + 1“!'2:1 + u‘:;s).le } dy] L

The last two equations are first integrals of the
system, since they govern the motion of and about
the centre of gravity, expressing the equilibrium
of all vertical forces and of all pitching moments.

2.6 The equations of motion as differential equa-
tions.

These equations are obtained by differentiating
egs. (2.1) ete. once or twice,

Stabatizer bending. Bquilibrium of vertical
forces acting on a chordwise strip of stabilizer
+ elevator.

(Bo2”)"” = v¥(Uy,2 + U + %,,8) + )

e O Y S (el afiniBRL0)

The term with §(y —0) denotes a discontinuity
in (B2")’, the magnitude of which is obtained hy

BT

integration of (2.10) between y =0_ and y =10, .
Then

[an”)'y=o+"‘“ (Bg@")’y=o_ =l { Zic{:xe) —Z(O) } .

The boundary eonditions pertaining to eq. (2.10)
are

Z/(E£ b)) =0, .2%(xb)=0,

Stabilizer torsion. Equilibrium of moments
about the elastic axis acting on a strip of the
stabilizer

(T0!) = —v¥(Usy2 + Ugger '+ Uy B) —
—k“ { 2;3'(.’!’1,) —a(O)} 3(?}-—0) iy
— kg { B(—by) —a(—10,) } 8(y + b,)—
— kg { B(br) —a(bs)} 8(y —b,).

Boundary econditions o (== b) = 0.

(2.11)

Elevator torsion. Equilibrium of moments ahout
the hinge axis, acting on a strip of the elevator
(T‘,.B’)’z— V‘",('u‘.'uz + Urgper A ”’338) ==
— kg { a(—by) — B(—Dby)} 8(y + b,)—
— kg { a(br) —B(br) } 8 (y —Dy).

Boundary conditions p/(= b,) =0.

(2.12)

Fuselage bending. Equilibrium of vertical forces

(Bmzfc”)” = v*mgpeg +
+ ky { 2(0) — 2r(ze) } (2 — @) —

— fﬁ‘, { a[O) -—--zﬂ’(.;c,)} o Westy)

dx
das(z—0)
dz

(2.13)
— k22 (0)8 (2 — 0) + kg 22" (0)

Boundary conditions 2. (z.) =0,
2" (x) =0, 28" (3) =0.

The terms containing a derivative of the 8-fune-
tion indicate a discontinuity in Bgze”, as can be
shown by double integration, e.g.

zk”’(a:u,) - D’

(Buﬂ.-z”)w“-.u_l” r—: (Brezn")m=o__ ZI“PZR’(O),

in accordanee with eq. (2.4). Hlence, in the case
of continuous Bp and By, 2’ and 2 are discon-
tinuous in the points =0 and = =uwm,.

The equations (2.10) — (2.13) can also be ob-
tained by application of Hamillon’s principle for
a non-conservative system (ref. 15, § 101)

f
8 | (Brin— Byt + W)dt =0.
t
where Ky, denotes the kinetic energy of the system,
E ¢ the potential (deformation) energy and W the
work done by the aerodynamic forees,

Egs. (2.10)—(2.13) can he written as a single
matrix equation

ef=v*ut (2.14)

where



2(y) Uy Wy Uy O !
f— a(y) = Upy  MWop  Usy 0 {
By) | Ugy Ugg Uy 0|
zn(ﬂ:).l | 0 0 0 My {2]5)
1 €1 O 0 P’I-l I -
S €49 Gy Cuy
% 0 s 63 O I
€1 €y 0 Cas ‘ /
with
2 dz |
tn= g (Bogs) +ladly—0), |
Y
c“:e“:—k.fé}(-y—ﬂ) .O(x—w.)dY,
Y
d d
e =— T )+ kad(y—0) +
+ kg 8(y + b,) + kg 8(y—D.),
0232632:—;558(-y+bf)—kﬁ6(y—br),
Ve
dd(x — x, 5
oy =€, =1, [S(FIHU)%d}W
¥ a3
T L ) (2.16)
05 _Tu( i d_?}]+,'.33(y+br)+ |'
+ 'r'-ﬁs(y_bf))
(15 d?
‘944—@(33%{]""1“ 82— %) —
-'L'b
_ dd(z—z.) de(:x!—:x:c}
ko dx dx £zih
53
+kd(x—0) —
I'-C.l.
d3(x—0) [dﬁ(;f:-—ﬂ) '
—ky = . i da. |
L )

The integration variable Y, appearing in some
of these operators, should he taken equal to z (with
Y, =z, and Y,=u) when the corresponding
operator is applied to a funection of z, while Y
stands for y (with ¥,—=—b and Y,=10) when
a funetion of ¥ is involved. In this way it is pos-
sible to make the mafriz e symmetric.

The functions subjected to integral-operators
should be written under the integral sign. More-
over, when formally the 8-funetion is treated as
a normal function permitting partial integration,
it can easily be shown that the matrix equation

(2.14) is identical with the set of equations
(2.10)—(2.13). For instance
@y
as(xz —
ulr(x) =k, fs(?J—U)ER(x)—-(-:c-fx' %) G
Ta
— By — 0) [z (2)8 (2 — ) | —
o
@y

- [zg’(z). 8 (x —x)da]=—1Fh, 2p'(x.). 8 (y—0),

a

which agrees with one of the terms in eq. (2.11).
It has already heen shown that in the differential
equations (2.10)—(2.13) the ferms containing
8-functions can unambiguously be interpreted as
being a different formulation for the econditions
preseribing eertain discontinuities in the derivatives
of the deformations. Hence, it seems to be suffi-
ciently justified that the matrix equation (2.14)
together with the boundary conditions

e £ b)i=0,
‘B’(i hl) :Oa zk”(a:ﬂ) :0!
Z;,r”{.ra) —_ ﬂ, zﬂllr(x”) =0: zﬂ’” (xll) P 0]

g (£b)=0,; «(==d) :n,‘)
(2.17)

completely deseribes all possible motions of the
system considered.

When no aerodynamic forees except the aero-
dynamie inertias are involved (oscillations of the
system in still air), the matrix u is real and sym-
metrie. In this case the real matrix-differential
equation (2.14) is self-adjoint, i.e. the equation
is invariant for transposition of the matrices e
and w. It is shown in ref. 16 that a self-adjoint
differential expression is obtained hy variation of
a quadratic expression and, in faet g, — Ky ap-
pearing in HammroN’s prineiple is a quadratic
expression. The differential equation with aero-
dynamic forces is not self-adjoint, in agreement
with the fact that the work W done by these non-
conservative, forees is not a quadratic expression.

2.7 The equalions of motion as integral equations.

The integral equations are obtained by one- or
twofold integration of eqgs. (2.1)—(2.4). They
represent the relations between the deformations
and the loadings, making use of wnfluence func-
fions. Sinee for a symmetrie aeroplane only sym-
metriec or antisymmetrie osecillations are possible,
the loadings are also either symmetrie or anti-
symmetrie, It appears suitable to derive the in-
tegral equations for one half of the system, thus
obtaining deformations of the stabilizer with
regard to the root chord. The derivation will
be speeialized to symmetric oscillations.

Stabilizer bending. Application of the operator
-

[ [ % dy® ta eq. (2.1) leads to
e

¥y &
2(y)— (0= | [71;’ (T thaa ) (2.18)

& o

0 0 W
S5 ""t:‘..B) (y,—y) d'.‘fld?fgs
sinee 2/(0) =0 for symmetrie oscillations.
Stabilizer torsion.

Yy

[ g dyto e (22) gives

Application of the operator

1]



i 1

e(y)—a(0)=1* .]/ % ,/ (1,2 Uppat
(

Y
+uz:{B)dU1d?f +‘r“5 { |’g (br) =

(2.19)
] b
b 5 i
—a(b)} [ 5 [ 8 b)dy.dy.
1] Y /
Elevator torsion. 1f b,éyé b, the operator
H
/ —;-— dy will be applied to eq. (2.3). Then
et
B(J) B(b,) = !
[ Dol u”z + Uy + g B)AY, . s (2.20)
If (}Q_wféf),., eq. (2.3) will first be replaced by

y

TeRl—=—2 I (13,2 + Uy + Uy, B)AY, ,

il

which follows from eqs. (2.3) and (2.7), remark-

ing that for symmetric oscillations f’(0) =0. Ap-
b

r

plication of /
v

B(y) — B(b,) =

dy to the last equation yields

by

— 2 [ f'- I {”.:125 + Uy al¥ + 1!‘. ﬁ)dj dJ ( 1)

i i
if 0 y< b,.
Fuselage bending.
a X

1 k \ ol o
f ( By dz* to eq. (2.4) it G{ﬁmx\*xb, leads to

g0

Application of the operator

— |

2R (.ﬁ] _ 2:;((0) _ .’.CZH’(U)

g £ -.J’Jb
il
= I [ b" Mmp2p (v, — x)dr,dx® +
o 0
+ Iy { 2(0)— zr(ze) }
@& & \l'b
, / ; 1" ’ (0,— )8 (2, —xe)da,da®+ (-(%2)
ST T
(U] i
-+ .!e'u { Q(U)—z,ﬁ:’(xej}
S e ;
/ f T f 3 (x,— z.)dx,dx®.
o o a |I
Similarly, for negative values of x
zr(x) — 2r(0) — x2p’(0) = ‘
0 0 @ )
: i > (2.
=y , / i / 'Hi-uz;g(.ﬂl—;\?)dﬁldxz- 5 ( 23)
JoJ \Bg ol
& I Ln

F 9

The multiple integrals appearing in the last
equations can be eliminated (ref. 9) by partial
integration

vy y o
[ | fdy.dy =y / fn)dy, | —
0 0 i
v u
— | oy = | (—u)f)dy,
l!l IlP

and by interchange of the order of integration in
the y,-n plane

Y b

i b
j (| 1 n,p)dn} dylz=lf{ [ £(y,n,0)dy, ) dy

0 i 0 440

and hence

B
[ ¢ [ gnitw,m v} dy, =
0 5 <

I{Iﬂ%mmdmmwdm

0 ]

=W

where , denotes an integration over the range

0
between 0 and the smaller of the values y and 9.
The egs. (2.18)—(2.23) then ean be simplified to

2(y)—2(0)=

b <y,

(w12 + Uy pat10,,8) da,
e (224
a(y)— a(0) = 1;”[-1-/ ?‘%—)( el
+tppatuy,8) dy+
<Y,br
+kg { B(b)— a(br)) 6[ i’iij,) o

By aid of eq. (2.7) it follows that for symmetric
oscillations

h <

ST
Cr(y)'—ﬂ(u) = / ’ .[ Tsﬁ; ) g (uglz +)
R i
bo<pbr g (2.25)
+ugpatuyf) dyt+v? f } { T, (i‘lJ
ﬂ. 1

( Uy 21 Ugpax + “’H:E;G) d"}'- !



Furthermore
B(y)— B(b,)=
b <y :
=2 / ; / d%)i (Uyy 2+ Ugp 1y B) dy
R if 5. Ly<lh,
Bly)— B(by) =
BtV _
=v [ , %, ;(?"3Lz+'ltuza+ussle)d‘?
L1 Ty et e
=Yyt if Oﬁyéb,,
2r(m)—2p (0)— a2z’ (0) =
@b <(TE L (2.26)
r— & | J
[] B;(.’E) dI1 s‘m,gZRdE {-
+ ks { 2(0)—
< rde )
- (x— o) (we — 2,
—zgr(xe) ) .', By (z)) dx,+
<&, Te
+fi'¢{a(0)—z;.:'(;r:¢)}d[ ;( )da:l

if ka é Tpy |
which by aid of egs. (2.5) and (2.6) is equal to

zr(x)— 2r(0)—x2e’ (0)=

xy <$§

o (x—m,) (§—m)
l'i{. ;ﬁ/

dax, ; mperdé +

Br(z,)
e )
erof | TEomiem o

(g, 2+ Uy e+ 1,,8) dy +
h < me

i f i_ f_[ %T‘)"

(g 1gp) et (gt 145) B } d’?
it 0z

{{ (u91+u31) + (2°27)

and
R (J})*—- 413 (0)— :r,z;g’(O):
— 2 [ i —-—--E-R—)(«;—f—j_d") dmlfnngdf
Ta }-E,E
it s 20
Egs. (2.24)—(2.27) give the deformations of

cach part of the system in terms of the loading.
They differ from the displacements of the system
by econstants whieh, however, are not given hy
these equations and, hence, the position of the
system is not completely determined by egs.
(2.24)—(227). To obtain displucements, con-

10

stants such as 2(0) = zg(x.), a(0) =2z (x.), B(D,)
must be eliminated. By inserting y =1b, into eq.
(2.25) and substituting the result in eq. (2.7)
B(b;) is obtained. It follows that

b <bpy 5
% 3 2 s
B(b,) = v Lf ’.; Toy) CTR TR, o
b
e dy,
Mol f;/ , ks Ii[ T4 ()
(Ugy2+ugpa+ug,B)dy.
2(0) = 2p (@) =12 (0) +xezx'(0) +
i RN
5 Te— @) (E—x, :
+ v ’ } {. BR(;’EI) dxl I m;;zgdf+

wf 1

b xe
Le

+ Uy B)dy+2 2 /? [Bn(x )

]

+ (Ut ) @ + (Uyy 1y,

dx1 [ (U2 + U+

da, | (st e+

)B }d"?r

a(0) = 2z’ (x.)= ZR’(O) -+

Ty {xe,

+2[t [ (E—zcl)

dax, ; mpzrdé +

+ 22 I [B;eixj dxz, l(u11z+uwa+uwﬂ)dry+

HE

du,
Br(x,)

+L(1\‘;22+1~532)a+ (Ugg T 1yy) 8 } d'?'

{{(um-l—un.,)z—l—

Substituting these relations in eqs. (2.24)—
(2.27), the result can be written in the form *)

Yy
{E (Y, H)u(H)f(H)dH. (2.28)

Vi

£(Y) — O(Y) =+

The meaning of the variable Y has already been
explained in eonnection with eq. (2.16), but since
eq. (2.28) refers only to a half system, Y, =0
if ¥ represents y. A similar definition holds for H.
f(Y) and u(H) are given by eq. (2.15) with the
modification that the element w,, is 3 mp instead
of mg.

#*) The symbol H denotes here the capital of the Greek
letter eta.



| zﬂ({])_{_l’zzﬂi([)) EN(Y:H) E:z(ys Il) Eja(Y:H) EH(YsH)
2x’(0) = Ha (Y, H) B (Y, HY B (¥, H) 2.5(F, H) s
C(Y) = ) , E(Y, H)=| " 2 LR e 2.29
A 2 (0) (5=l g (7, 1) 2,(7, B 2,(Y,E) &,(Y,H) hi
zr(0) + 2" (0) Ea(Y, H) B, (Y, H) E,(Y,H) B, (Y, H)
where
<y e
et (y—u,) (n— 1) T (Te—xy)?
11 Y H B (Y, = d’ 1 IR 5
(5 B=Eulte) ﬁ/ BaDnniv T “/ 1B:(z,) O
El‘.’(Y! H)E 5.2(1»"., "}') =Et:1(yr H) = Eis(y; '-‘}') =521(Y: H) 2:21(?}: 7}') =
Tg
—Eu(V,H) =Eulyn) = [ 5"t ds,,
{-‘-'Ce,g
(_xﬂ_xl)(g_ml) oy LR
H(Y, H) =Ha (0, ) = Lf 6 FeT R e
f 0 it £ 0,
i i
" dr,f dr
E lf H ==&, ; fec L P 1
( ) zzJ’?] l:" T(Ji +-/%BR$)
<y,br xe
Bas (¥, H) =Eqg(1,7) = /1 ay, [_ da, ’
Te(y,) 1 Bp(x,)
'{:Ee..
A of / i = y day it £330,
324(Y= H)=E,,(y,%) ==34(Y1 H) lEm(ﬂ: = iBR
0 it ¢ 0
<#,by &L
. i Sy di
E Y, i——E ) — Sl |0 St 5
22 (Y, H) = o (9, 7) {I'I e {éB;;(:'r,) (2.30)
<y -
Uy
s k .;l m if b,r y and 7,
= : —— _ l dyl 4 i 3 /
"’ii:i(YI' 1'1)—‘-'3:3(?)'3'?)— }-’-ﬂ s ; Ta{:y1 e [%BR(J" ) =+ Ob,- if (y—bf)(’?_h") "‘h«(]!
f dih
l o) if b., y and 7,
<i,Te ,
(v — x,) (e — ;) ; S
Ll —_— d 0, L
BT D =Eamn =3 | iBhE o %2
0 it £ <0,
{-‘-\.'-‘,139
r—
d if 0
B (¥, H)=E,,(2, 1) =By (¥, H) =By(z,17) = / &Bs( T B g
0 it 20,
<&
[ (z—=,) (§—1=,) en il X
I 1 Balz) —= dz,; if z and £ >0,
BT, H)=E (5,8 =( 0 it 2¢ <0,
0
(z —=z,) (§—=,)

de, i z and &é(}.

Soi 3 Bg(x,)












































































































































































































































































































































































































































































































