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Summary

A new development of the analytical hodograph theory of Chaplygin, Cherry and Lighthill is based on integral transform methods. Transonic
potential flows around a family of both non-lifting and lifting quasi-elliptical two-dimensional aerofoils are obtained, and various practical
examples shown. The closure of a-symmetrical aerofoils in the physical plane is ensured by a special construction.

In view of the long-standing debate on this question, a discussion of the physical aspects of these flows has been added as an Appendix. Other
Appendices discuss local aspects of the hodograph transformation, and numerical problems.
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1 Introduction

1.1 The use of function theoretic methods” in the theory of plane compressible fluid flow, based on the hodograph
transformation, has been initiated by Chaplygin in 1904. By the hodograph transformation, introduced in fluid
dynamics by Molenbroek (ref. 28) in 1890, the quasi-linear system of first order partial differential equations for the
plane potential flow of a compressible medium is transformed into a linear system by a change of dependent and
independent variables, thus permitting the study of non-linear flow phenomena by the solution of linear problems.
The first practical application by Chaplygin in his classical paper (ref. 7) was concerned with the subsonic outflow
of a gas jet from a slit. He constructed a series development for the analytic potential describing the incompressible
jet flow in hodograph variables, and then substituted particular solutions of the hodograph equation for compressible
flow (the Chaplygin particular solutions) into this series, thus relating a compressible flow to a given incompressible
one.

Later, simple solutions of the Chaplygin equations were constructed by Tollmien (ref. 44), and Ringleb (ref. 39)
in 1937/40. These were interesting as examples of “transonic” flows, exhibiting the transition from subsonic to
locally supersonic regions in the field, and useful in that the occurrence of certain singularities (“limit lines”, cf.
discussion in Appendix C) of the hodograph transformation in the supersonic region became apparent. These solu-
tions are, however, altogether of limited physical significance as the velocity vanishes far away in the field, so that
the resulting flows can not be related to the problem of main interest: the compressible flow field around a body.

The first application of hodograph methods to this problem was given by von Karman and Tsien (1939)(cf. ref. 20).
They used a particular approximation to the pressure-density relation in the flow, corresponding to the choice
7= —1in the isentropic gas law, in order to simplify the governing differential equations. (In fact, the solutions pre-
sented in the present paper include the flow of the “von Karman-Tsien gas” around a body for this choice of y.)
This results, however, in these flows remaining entirely subsonic. Still, the theory gives a good approximation for
subcritical air flow, and has found much use in practical aerodynamical work.

By then, it was realised that the structure of the hodograph manifold for the flow around a body, especially in the
lifting case, is much more complicated than in either the simple solutions of the hodograph equations then available,
or the problem originally studied by Chaplygin. For the flow around a body, the hodograph constitutes a multiply
sheeted Riemann surface, and this introduces the problem of the analytical continuation of the compressible flow
solution around the associated singularities. The first correct solution for a transonic flow related to the non-cir-
culatory incompressible flow around a circular cylinder was given by Goldstein, Lighthill and Craggs (ref. 17), and
by Cherry (ref. 8). Cherry also presented a numerically worked out solution (ref. 10). This work was later extended
to the circulatory flow case by Lighthill (ref. 24), and Cherry (ref. 9). (The methods of Lighthill (ref. 25) and Cherry,
developed independently, are essentially equivalent.) :

A different, more general form of the theory was also given by Lighthill (ref. 25). In this version, the transformation
to a compressible flow solution is now defined as an operator, for which any incompressible flow given in the physical
plane is admissible as an original. On the other hand, this form of the theory is more restricted from the physical
point of view in being valid for strictly subsonic flows only. Lighthill indicated how solutions can be extended into
the transonic flow régime when series expansions of a certain type for the analytic potential in the hodograph of the
original flow are available. This means, of course, an essential restriction on the class of admissible incompressible
flows.

Another analytical hodograph theory for compressible flow has been given by Bergman. This is an application of
his general method (ref. 2) of studying function theoretic properties of solutions of a linear partial differential equation
by mapping analytic functions of one or more complex variables into the space of solutions of this equation. This
theory, based on the same differential equations for the flow, employs an expansion of the solution in terms of a set
of functions different from the particular solutions constructed by Chaplygin, the latter being used in the Lighthill/
Cherry theory.

These theories have been compared by von Mises and Schiffer (cf. ref. 27; V, 21.8), and by Cherry (ref. 12). For
the development of the hodograph theory on the basis of Bergman’s methods, we refer to ref. 22, and to the in-
troductory exposition in von Mises’ book.

A general feature of all the function theoretic methods is that the body shape in the compressible flow field is
found as a result of the transformation. For vanishing compressibility the original incompressible flow is recovered,
but with increasing Mach number the shape becomes rather strongly distorted. This phenomenon poses the problem
of the regularity of the transformed profile; this problem has been considered only to some extent in Cherry’s theory.

! A more extensive survey of the field, with many historical details added in note, is given in von Mises’ book (ref. 27). Most of the older work
referred to in this introduction is reproduced and discussed there.
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1.2 The above general class of solutions, when defining transonic potential flows, has given rise to extensive dis-
cussions on what became known as the “transonic controversy” (refs. 3, 18, 27). These discussions resulted from
attempts to give both mathematical and physical interpretations to these results.

At first, the controversy took the simple form, that the mathematical solutions seemed to indicate the possibility
of continuous transition from subsonic to supersonic local flow speeds and back, a phenomenon which was generally
not observed in wind tunnel experiments. Experimentally, under transonic flow conditions recompression of the
flow from locally supersonic regions to subsonic flow speeds usually occurs through shock waves, this situation often
being accompanied by the occurrence of shock-induced boundary layer separation, so that any basis for comparison
with a continuous mathematical solution is lost. '

It was then suggested by Busemann and Guderley (ref. 18) that transonic potential flow solutions lacked any
physical significance whatsoever, as these could be interpreted as solutions of a boundary value problem that is
not continuously dependent on its boundary data. The latter fact, conjectured from physical arguments and made
plausible by constructing particular examples by Busemann and Guderley, was later proved in a mathematically
rigorous fashion in a series of fundamental papers by Morawetz (refs. 29, 30, 31, 32). The Busemann—-Guderley ar-
gument, so forcefully underlined by the intricacies of experimentally observed transonic flows, became more or less
generally accepted and tended to lessen the practical aerodynamicists’ interest in the class of solutions under dis-
cussion.

At this point, new developments were brought in from the experimental side. At the National Physical Laboratory,
Holder and Pearcey were engaged in an experimental programme on the design of wing sections for swept-back
wings in the transonic speed range (a survey of this work has been given by Holder, ref. 19). They started from
the idea, that control of the boundary layer development is of prime importance, and that especially the shock
induced boundary layer separation should be suppressed. This led to attempts to reduce the shock strength by a
special design of the aerofoil shape, and in some cases (cf. Appendix B). Pearcey succeeded in virtually eliminating
the shock wave, obtaining a to all intents and purposes shock free transonic flow with a local supersonic region of
appreciable extent and a high local maximum Mach number. It was pointed out by Pearcey (ref. 36) that the aimed
at sections with a “peaky pressure distribution” are of considerable interest to the aircraft designer from the point
of view of reducing transonic drag rise. However, these flows are up to now obtained by a laborious experimental
process of trial and error.

These new developments, then, clearly justify a renewed interest in these entirely classical function theoretic
methods: on the one hand, transonic potential flow solutions become important as a theoretical reference for ex-
perimental studies to explore the physical limits of the now proven possibility of transomnic shock free flow; on the
other hand, Morawetz’s results indicate the remarkable fact that it is at present virtually impossible to obtain these
solutions in any other way, in particular they ¢cannot be found by posing a boundary value problem. Moreover, by
now developments in both numerical methods and computer technology make it possible to devise computational
techniques to construct flow patterns in the range of practical interest, which was impossible at the time the mathe-
matical theories were developed, As will be shown, it has in fact been possible to construct theoretically transonic
potential flows that have the general characteristics of the profiles shown by Pearcey to be conducive to a shock free
real flow.

1.3 Inthe second chapter of this paper, we briefly present a new development of the theory of Chaplygin, Lighthill
and Cherry, based on integral transform techniques. Now this, 2s a merely technical device, does not essentially extend
the theory, which is still firmly based in particular on Lighthill's work, cf. refs, 24, 25. On the other hand, this pro-
cedure immediately clarifies the idea of mapping the original analytic potential into the space of solutions of the
Chaplygin equation, and unifies and generally tidies up the theory. At the same time the integral transforms provide
a convenient analytlcal machinery to handle more complicated specific problems.

In the third chapter, the structure of the hodograph manifold for the incompressible non-circulatory and cir-
culatory flow around an elliptical cylinder is discussed, and series expansions for the hodograph potential con-
structed by means of the integral transforms.

The next two chapters contain the bulk of the analytical work requ1red for the construction of a class of compres-
sible flows related to the 1ncompress1ble flow around an elliptical cylinder. We call the corresponding shapes in the
compressible flow “quasi-elliptical aerofoils”, which will appear to constitute a family of considerable geometrical
variety. In these chapters, however, we are concerned with the mathematical development only, delaying the dis-
cussion of the non-trivial problem of the interpretability of the solution as the flow around a closed body to chapter 6.
First, solutions for the non-circulatory compressible flow are constructed. The first group of solutions so obtained
is equivalent to earlier results given by Levey (ref. 23}, who used Cherry’s theory, and by Nieuwland (ref. 34), who
started from nghthlll’s method (ref. 25) in its simplest form. In the latter paper some explicit examples were already



worked out numerically. A second group of solutions is presented to give an introduction to the methods to be used
in the circulatory flow case in the much simpler context of non-circulatory flow.

Next, in the fifth chapter, the basic series solutions representing the circulatory flow are considered.

In the final chapter of the main body of this report, devoted to explicit results, we consider in particular the re-
gularity of the representation of the compressible hodograph flow in the physical plane. One aspect of this problem,
the occurrence of “limit lines” in supersonic regions has been widely discussed in the literature ; we refer to ref. 5
for a global analysis of this phenomenon in the present family of flows. Much less well-known is the significance of
isolated singularities of the hodograph transformation in subsonic regions of the flow field.

In fact, this results in making the theory as given by Lighthill devoid of physical meaning for a-symmetrical flows
at any flow speed, as the flow fails to close up behind the body, being located in different branches of the “physical
manifold”. In this respect, Cherry’s form of the theory represents an improvement, however, at higher free stream
Mach numbers similar difficulties can be expected.

This problem is solved here by the construction of a special correction function provided with a number of mul-
tipliers which can be chosen so as to ensure closure of the body in each individual case.

In Appendix A, the main properties of the Chaplygin functions are surveyed, in particular their asymptotic be-
haviour as investigated by Cherry and Lighthill. Series expansions for the Chaplygin functions used are also given
here. Tabulated values for these functions are published as a separate report (ref. 15).

In Appendix B, we return to the question of the physical interpretability of the class of transonic potential flows,
in view of the recent experimental and mathematical results referred to in this introduction.

In Appendix C, some local aspects of the hodograph transformation are discussed. This clarifies the significance of
the metrical properties and the dimensionality of physical space, which make the hodograph transformation feasible.
A brief discussion of some local algebraic invariants, the branch point singularities in the subsonic regions of the
physical plane, and the “limit line” and “branch line” type of singularities of the hodograph transformation in the
supersonic region is included.

Finally, Appendix D presents a discussion on the computational techniques developed for getting at practical
results. Here the use of Wynn'’s g-algorithm (refs. 40, 50) turned out to be the conditio sine qua non in the numerical
work.

2 The Chaplygin-Cherry-Lighthill hodograph theory
2.1 Introduction I. The Chaplygin particular solutions

The hodograph equation for the streamfunction of the plane potential flow of a compressible medium obeying the
isentropic gas law (cf. App. A2) can be written:

1—-——1
0? 2—y \ @ y—1 " &?
T(I—T]F+ (1+ﬁt)§;+TW =0, (2.1)
where
q \?
1:-—-( ), O<t<l1.
_Qmax

The compressibility in the flow is governed by the magnitude of the parameter g,,., (the thermodynamically
maximum possible speed, eq. (C.7)) with respect to a fixed reference speed, for which the asymptotic velocity g,
in the physical plane will be chosen.

Defining g, =1, we will write:

7 =( - ')2. (2.2)

Qmax

Eq. (2.1) has product type solutions of the form:
Yy(r)e*™, (23)

where 1/, satisfies:

d? 2— -
-9 er (14 52) - # Ly 04



which has as solutions the Chaplygin functions:

Yo(0)=™"Fla, b,;v+1;57), - (2.5)
: 1
b': ———
Gyt Dy=V }'__1
_ v{v+1) _ _
avbv_ 2(?—1) ’ (26)

where F denotes the (ordinary) hypergeometric function. For v#2,3,...,%, and ¥ _, are independent solutions of
" eq. (2.4). When v=2,3,...,n.., independent solutions are ¥, and the Chaplygin functions of the second kind ¥,
involving logarithmic terms, defined in Appendix A, eq. (A.10).

We want now to construct an operator, mapping the analytic potential of a given incompressible flow around a
body into the vector space of the Chaplygin particular solutions of eq. (2.1). This operator is to be continuously
dependent on the parameter 1,, in such a way that for 7, -0 the given flow is recovered. A fundamental operator
will be constructed on the basis of a Mellin transform theorem in the complex domain in sec. 2.3.

This construction is based on an investigation of the properties of the Chaplygin functions, in particular their
asymptotic behaviour as a function of the index v, as given by Cherry and Lighthill. A survey of these properties is
given in Appendix A ; for the notations used in this section, which will largely conform to those of ref. 21, Il, we -
refer to this Appendix. .

On the other hand, the properties of this operator will have to depend on the analytical structure of the hodograph
of the incompressible potential flow around a body. This aspect will be discussed first in the next section.

2.2 Introduction I1. Analytic potential and hodograph of the plane incompressible potential flow arovnd a body

22.1 The complex potential representing the incompressible circulatory flow around a body with unit asymptotic
flow velocity can be written as a function of the physical plane variable z=x+iy:

, 1 .r ,
d=z +?+1Elogz (2.72)

=24 Y a7, (2.7b)

The first of these equations represents the flow with circulation I around the unit circle in an auxiliary z'-plane.
The second equation is to represent-a mapping of the exterior of this circle onto the exterior of some closed curve
in the z-plane. To facilitate the discussion, this curve will be assumed to have a continuously turning tangent, in
order to ensure a finite flow velocity on the boundary. The restrictions to be inposed on the coefficients g, to achieve
this condition will not be discussed ; we note an inequality expressing the condition on the surface area of the body
in the z-plane to be positive (ref. 1, V, 10):

1- Y nlal*>0. (2.8)
n=1

The hodograph of the flow is obtained by adjoining to eq. (2.7a) the function:

LA
do Iz 72
(== B (2.7¢)
1—3 na,z~""1
n=1

222 To study the structure of the hodograph it is convenient first to consider the Riemann surface 2" generated
by z'({), the inverse function of eq. (2.7¢), over the {-plane. .
In the neighbourhood of { =1, z' =00, eq. {2.7c) can be written:
Cir 1-a, 1

C=1+E_T+O(?)' (29)



The function z'({) has a branch point of the first order for finite z’ when gg = 0. Thus, to O(I'), a branch point
Z

occurs in the hodograph for the parameter value

, _4n(l—ay)
==, (2.10)
at least when I’ is sufficiently small.
In the neighbourhood of {=1 the function z'({) can be written (writing {=1—#):
ir
Z()=— 5T o), (2.11)

however, when I'—0, the branch point (eq. (2.10)) approaches {=1.

It follows that in a neighbourhood of { =1, z'({) is a meromorphic function on a two sheeted Riemann surface 2,
a simple pole being located in onesheet over { = 1 if I # 0. Under the present assumptions of smoothness of the bound-
ary, 2’ is bounded by a curve having a continuous trace in the {-plane.

Next consider the Riemann surface # generated by the hodograph potential @({) over the {-plane. For I'=0 #
has the same structure as 2. For I #0 there is both a simple pole and a logarithmic singularity located in one
sheet over { =1, and one can envisage # as being built up as an infinite number of branches similar to 2" cyclically
connected at a cut between this singularity and some boundary point.

2.2.3 Inthe general case, the mapping (2.7b) has no analytical continuation into the interior of the unit circle in the
z'-plane, and correspondingly the functions z'({) and @({) cannot be continued beyond the boundary curve. In the
sequel, flows will be studied where the mapping z(z') is defined on the complete z'-plane, and the functions z'({)
and @({) can be continued over the {-plane. The hodograph manifolds 2" and 2 will then be taken as the Riemann
surfaces associated with these functions continued over the {-plane. It is then possible to consider the continuation
of the flow in the physical plane into the interior of the corresponding body, which may be called the “generating
flow™.

This discussion indicates the difficulty inherent in the use of the hodograph transformation: the complication
of the geometrical structure of the solution, especially in the case of the circulatory flow around a body.

2.3 A Mellin transform theorem for a class of analytic functions; construction of an integral operator

2.3.1  The main analytical tool required in the construction of the integral operator transforming an analytic func-
tion into a solution of eq. (2.1) is embodied in the following

T heorem (ref. 43, th. 31). Let @ be an analytic function of { =ge~*, regular for —x<arg(={)<f,0<af<m,
and let

= 0(|{**%) for |{|—o0,

P
% = 0(|g°~) for |{|-0,

a< b, for every positive ¢, uniformly in any angle interior to the angular domain of regularity of @({).
Then the Mellin transform

MA{P}=F(v) = 3 D=0 1dC (2.11a)

is an analytic function of v=¢+it, regular for a<e<b and

= e |- i - 2

F(v)

=0@E? ) for 1>—.

Conversely, when F(v) satisfies these conditions, the function
1 fk+iom
Piy) =~ Fv)(={)'dv, a<k<b, (2.11b)
2mi Jk—=iom
satisfies the conditions previously imposed on & (().
The proof can be based on the Cauchy theorem. For future convenience, the variables in the theorem have been
written —v, —( respectively, and a definition of arg (—{) is implied by the conditions for the theorem.
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This Mellin transform theorem will be summarised. as folloWs:

@(g)_irmdv(-ovr QOO ML, a<k<b, BeM(@fiab). @.11)

27 Ji— i -—w .

2.3.2 Now consider expressions of the form:

Y=Im &(z,0;7;), - @12
& =51—_jk+i00 dev(t)ﬂ(tl)ei“(*“"“’[o @(C)(—C)‘”"lﬁﬁ, a<k<b, ®eM(xf;a,b), Fr—0=arg(—0(),
S s . (@212b)

which obviously are solutions of eq. 2.1 in domains of uniform convergence of the integral.
In order to ensure convergence, the integrand in eq. (2.12) must be provided with an. asymptotic behaviour asa

function of v equivalent to that of eq. (2.11), where 7, is to'be taken smaller than the sonic vaIue 1 ; furthermore
we require & — @ (as given by egs. (2.11), (2.12)) for 7, -0.

That is, comparing . : .
|7 = erlosa—toggm) 5 — 1, (2.13a)

and
Yy(1) ~ V(g)e™™ (for © < %, eq. {A.22a)),
we want ‘

Fled) ~ Alsy) e | (2.13b)

S T.-‘ N
s —ﬂ) for guue—cc.

T1

as, by the property eq. (A, 24)

More precisely we require, following Lighthill (ref. 25, ITI), f,(z,) to satisfy the conditions:
(1) fi(z,) is a meromorphic function of v, with at most smlp]e poles having real residues on the real v-axis, the non-
positive integers being excluded;
(2) there is a function A(z,) and a sequence of closed contours C, whose distance from the origin tends to infinity
as g— 00, and whose distance from any pole of f,(t,) or ¥,(z,) is greater than § >0, such that

max | f,(z;)e"™ — A(z,)| = 0

on C,as g—+o0;
(3) fity) ~ 77 * as 7,0 uniformly for all v at a distance § >0 from any pole of £,(z,).
An explicit expression for the function 4 (z,) in terms of the residues of ¥,(z) f,(z,) can be constructed as follows.
Let the residue of () f,(t,) at a pole v=r be written F,(t; 7,), and consider the expression

1' 1 —v(s—s
20 |y ORIy,
Using the asymptotic estimates for y,(z) and ﬂ,('cl) it follows by the re31due theorem in the limit g— oo

V() A(z,) fofﬂ'*'z F.(t;7,)e —re=s) (2.14)

where Z is extended over all poles of (%) f,(z4).

We note at this point, that f,(t,) =e™"* is the simplest among the class of functions satisfying the above conditions.
Substituting this into eq. (2.12), we have constructed an operator, depending on the parameter 7, in the way required
in sec. 2.1, transforming analytic functions of class M into solutions of the hodograph equation (2.1). Note that
eq. (2.12) is meaningful for subsonic speeds 7 < ;’HT; only, due to the different asymptotic behaviour of y.(7) for
T > Z—}, eqs. (A. 22a), (A. 25). Eq. (2.12) converges in the same angular domain as the original expression (2.11).

The basic formula eq. (2.12) clearly expresses the idea of mapping an analytic function into the solution space of eq.
2.1.
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We finally note that only the imaginary part of eq. 2.12b is required to have a physical meaning. The velocity
potential in the compressible flow can be obtained from eq. (2.12) by integration of the Chaplygin equations (A.1b).

2.4  Analytic continuation, introduction

As our aim is the construction of an operator, associating a compressible flow with a given incompressible flow
around a body, we must now consider the analytic continuation of the compressible flow solutions thus far obtained
outside the original sector of definition, in particular around the singularities discussed in sec. 2.2, Here we can pro-
ceed in two different directions. '

In the first place it will appear to be possible to remove the restriction @ € M altogether, and make any arbitrary
analytic function admissible as an original of the transformation. In particular, the analytic functions representing
the hodograph of the incompressible flow around a general body, as discussed in sec. 2.2, will then be admissible.
This leads to the construction of an integral operator in the sense of Bergman (ref. 2 ; ref. 27, V, 21.7). We will discuss
the construction of the operators of this type proposed by Lighthill, starting from eq. (2.12), in sec. 2.5.

From the geometrical point of view these operators, which can be defined in the physical plane of an arbitrary
incompressible potential flow, are the most general. However, they will appear to be restricted from the physical
point of view in admitting subsonic flow speeds only.

In the present work, the main interest is in transonic flows, and we will therefore emphasize the second way of
generating compressible flow solutions, which retain the property of the Chaplygin functions of being defined for
all 7, including the supersonic values. To achieve this, we will restrict the admissible class of analytic functions even
further to a sub-class My = M, having the property of being continuable around a finite number of singularities in
the {-plane in a prescribed way. We will discuss My; and the corresponding class of compressible flow solutions in
sec. 2.6.

The latter procedure is a generalization and mathematical interpretation of the work reported in refs. 17, 24.
The advantage of considering eq. (2.12) as the basic expression is that the relation between the two versions of the
theory is immediately clear at least from the formal point of view: they correspond to a reversal in the order of
integration in the operator (2.12).

2.5 Analytic continuation I; construction of Lighthill's integral operator
2.5.1 Consider the expression eq. (2.11), and write

@ = ljmmdp‘gv{(c cb(é)é‘“—id<:+'orp{é)é‘“—'dé}s a<k<b ®eM(xp;ab).(215)
J=—m JL

271 ) ki

Now the first term in the integrand in eq. (2.15) is a holomorphic function of v for Re v > a, the second term is
holomorphic for Re v< b.
Writing
D= J'1 +1,,
we have by Cauchy’s theorem:

1
Il — lim -
v, 2L

q L
dV'C"j pE==1gE .
Caut —®

; (2.16)
1
I, = lim — [ dv-(;"j BEV1dE,
Cq.2 14

-

where C, ;, C, ; are semi-circles of radius g closing the contour, from k+ig to k—ig, in the right hand and left hand
v-half plane respectively.

2.5.2 Now consider the operator eq. (2.12b), written as

B — ijm dv%(?)ﬂ(ﬁ)ﬁ""’{ f

2mi k=i -

1]

esé**—ldﬁ[ fﬁé“"ldf}a a<k<b, ®eM(xp;ab). (2.17)

£

From eq. (2.13), for large v we have
lpv(f}fvttl) i V(T) A(T‘[)eﬂs_s” r
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and identifying
{(=en v, . (2.17a)

the integrand retains asymptotic properties as a function of v similar to those of eq. (2.15).
Assuming that the conditions imposed on the contours C, in sec. 2.4.2 (2) hold for C, ;, C, , we have in the new
sifuation:

1 [*+io 1 ' i
Tka—iw = — E{Lw + LJ} — Z Res; +Z Res,, (2.18)

where X Res, , stands for the sum of the residues of the integrand in eq. (2.17) at the poles of ¥, (1) f,(t,) to the
right and left respectively of v=~£. '
Comparing with eq. (2.16), it follows

~ lim —1_{ L + L} — V() Al 2(0). (2.19)

grra 2700
and we have

‘ o
% Res; = —ZFre“"’Jo e 1dE,
r,1 — o0

. . (2.20)
ERes2=—EF;e"""J GErIdE,
r,2 4

where F,(z; ;) is the residue of the pole of i,(7) f,(v,) at v=r, and the summations }’, 3 extend over the poles in
3 rl r2

the regions Re v >k, Re v< k respectively. The 1,  are implicitly determined according to eq. (2.17a).
By integration by parts of the expressions (2.20) we obtain by virtue of the assumed behaviour of @ for |{|— 0, o0

¢ .
ZRes; =&Y % Fere=s_ ¥ % F. c‘i"’[ Erdd
rl vl J =0 :
1 e 021
T Res, =0 Y ~Fe = _ T =F e"""J Erdd .
2l rnzt Y
Now substituting into eq. (2.18), and using the relation eq. (2.14) it follows
=1 Lot = 1 [0 .
& =d()foley) + Z;Fre‘""[ cf"’d«P—Z;F,e‘“"J Erdd,  (=eTumi, 2.22)
\ r,l - 00 2 [4

@ exists for @ e M, so the series exist under this condition at least when taken together. However, for a fixed para-
meter point {, the series

= | =

. %o
F, e-"ﬂj £rde
r,d -
and

~ | =

0
Fr e“irﬂj EHrdgp
Yoo

-2

r2

converge under the same conditions, and are independent solutions of the hodograph equation (2.1). Subtracting
these expressions one cobtains the new solution: ‘

5(1:,9;11)=éb(C)J%(fl)—i—-Z%F,(r;rl)e_i’a jz Erds,  {=enml, (2.23)

In this expression, the summation extends over all poles of y, (z) £, (z,) in the v-plane (which we have required to be
situated on the real axis). {,, is a fixed parameter point, and { is the independent variable.

.. dé .
Writing Fr {, the integral becomes:

z(g)
J Erldz, (2.23b)
z(§o}

the operator now being defined in the “physical plane” related to the hodograph potential &(().
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2.5.3 Up to now, our operations have been justified by the assumption @€ M (o, f; a,b). By going over from eq.
(2.22) to eq. (2.23) however, we have obtained an operator depending on the local behaviour of the original analytic
function @ only. We can proceed by independently verifying eq. (2.23) to be a solution of eq. (2.1) for an arbitrary
original @. First we must ensure convergence of the series in eq. (2.23) for all subsonic 7: this can be done by a
suitable choice of f,(z,) as will be discussed in sec. 2.7. Then defining a domain of uniform convergence we can prove
eq. (2.23) to be a solution of eq. (2.1) by direct differentiation, cf. ref. 27, V, 21.7.

We have then for any analytic function @(() defined on the associated Riemann surface # over (part of) the
{-plane a two-parameter family of analytic functions &(( ; {y; t,) also defined on #. On the other hand, there is an
analytical mapping T : {— 1,0 defined by the relation {=e*"*1"" {or |{| < " "', where ¢ is the sonic value of s (egs.
(A. 21, 23)). The function &(r,6)= T © @ is a solution of eq. (2.1) defined on a Riemann surface #* over (part of)
the t, O-disc, T < % #°* is the hodograph manifold of a compressible flow. According to eq. (2.23b), the trans-
formation can be evaluated directly in the z-plane.

The operator in the general form eq. (2.23) has been constructed (in a different way) by Lighthill in ref. 25. A
construction similar to Lighthill’s is implicit in the work of Cherry (refs. 8, 9). The operator can be considered to be

a special case in the general theory of integral operators developed by Bergman (ref. 2), in fact the function

1 1 '
R F . =r{ifd+log &)
V(T); r ,.(T,‘EI)C

can be regarded as a generating function in the sense of Bergman (cf. ref. 27, V, 21.7).
2.6 Analytic continuation II; continuation in a product class of hypergeometric functions

2.6.1 In this sub-section, we study an alternative way of analytic continuation of the solution eq. (2.12b) out of the
sector —a< arg(—{)< f which formally compares with the method of the preceding section as a reversal in the
order of integration. That is, we restrict the original function @ to be such that explicit expressions for the Mellin
transforms exist in terms of meromorphic functions defined in the v-plane. The original inversion integral eq. (2.11)
is then to be evaluated by the residue theorem, closing the contour in different ways, to yield in the simplest case
series expansions of the general form

0
D= Z Crgr 3 [2‘243)

converging in different regions of the Riemann surface over the {-plane underlying the function &.

Now the integrand in eq. (2.12b) has been provided with an asymptotic behaviour as a function of v such that
series representations of @ can be obtained in a similar way. A new element is then, however, provided by the con-
tributions of the additional set of poles of ¥, (1) f,(r,) in the integrand of eq. (2.12b). This means that the series re-
presenting & will include series of the form

oo
IR AT Pt (224b)
-0

corresponding to eq. (2.24a), but also other series induced by the additional poles will be present.

In general terms, then, the class of analytic functions @ admissible in this alternative procedure can be described
as consisting of those analytic functions for which a series expansion and its analytic continuations in the form
€q. (2.24a) can be constructed by means of explicit Mellin transformation, and inversion by the Mittag-Leffler
(generalised residue) theorem. An explicit characterization of this class would obviously lead far beyond the scope
of this report.

To introduce the analytical techniques to be used, and to suggest to some extent the generality that can be at-
tained using this procedure, we construct in the next section what is from the point of view of continuation probably
the simplest non-trivial case : the product class My, of hypergeometric functions. The practical examples constructed
in chapters 4 and 5 will be derived from analytic functions @ e M,,.

As already mentioned, the point of paying attention at all to this sub-class of functions in class M, after hav-
ing removed in the last section any condition on the originals ® except analyticity, is in the fact that the resulting
compressible flow solutions will appear to be continuable into the transonic régime.

L My certainly does not exhaust the admissible functions: there are e.g. analytic functions which can be defined and continued by integral re-
presentation methods similar to those for the hypergeometric functions, but which do not satisfy a homogeneous differential equation with
polynomial coefficients.
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2.6.2 - Consider operations on functions in class M.
We assume ®&M(o, §; a,b), and write

—

M{D} = JO (L)Ll = F(v).

The following relations are obvious:
(1) # is a linear operator:

M (D @+ Dy Bo} = Ay (D} + Dy M (D) (2.25a)

2 (PdeMa, f;a+Rep, b+Rep), MDY = (—1)PF(v—p) .- (2.25b)
e ar (v+p)!
R - q— —_ N = {1y
(3) d§p<15eM(a,B,a pb—p), M{dcp d)} {—1) o F(yv+p), _ (2.25¢)
. {we can assume conditions to be such that integration corresponds to taking negative integral values for p).
{4 di(g)eM(a'—arg{p,B+ arg {,; a,b}, ./f!{di (£>}= [V F(v). (2.25d)
P P

(5) For @,eM(xy,fy;a1,by), DPreMlos, B2;a5,b,), M{D)=F(v), M{Dr}=F,(v):
@, @y e M (min (o, o), min(By, B,); ay +a, by +by),

1 ky+ico .
MA{D, - DP,} =2_7rEJ‘ Fi(o)F,(v—0)de, a,<ki<b,, ki+a,<Rev<k;+b,,

k1—ie0
1 ka+icm .
=%J Fiv—0)Fy(0)do,  as<ky<b,, k,+a;<Rev<k,+b;. (2.25¢)
ka—iew

2.6.3 Now consider the function @ chosen as a hypergeometric function. These functions can generally be char-
acterised as functions holomorphic for all values of the argument excepting three singular points (a, b, ¢) with a
prescribed behaviour at these points. By a Mébius transformation, the function can be conformally transformed into
a function @({) having its singularities at the triple (0, 1, o0}, and then integral representations in the form eq. (2.11b)
exist for these functions, which can be evaluated by the residue theorem to give a series representation convergent for
{¢| =< 1, and its analytic continuation convergent for |{| > 1.

These well known integral representations (discovered by Pincherle, but said “of Barnes’ type”, cf. ref. 48, 14.5)
are studied in detail in a paper by Nerlund (ref. 35).

Asa generalization, we can now consider analytic functions that can be constructed from a finite number of hyper-
geometric functions by applying a finite number of the operations listed in sec. 2.6.2. In particular, we associate with
each hypergeometric function a parameter £, in order to obtain siiigularities at the points (0, {,, ), ¢f. (eq. (2.25d).
For convenience we will assume the {,'s to be strictly ordered 0 < |{4], ... <|{y] < c0,and assume forall p’s:|arg { | <
n—e. It follows that the resulting functions are holomorphic except for the points {0, £, ..., {y, %0), and constitute
a sub-class My = M. Note that tlie operations eq. (2.25a—d inclusive) again yield solutions of a hypergeometric
differential equation, taking also into account eq. (2.25¢) we have obtained a product class of hypergeometric func-
tions.

Clearly the analytic continuation of these functions around the singularities can be effected by using the integral
representations, the relations eqs. (2.25), and evaluation by the residue theorem.

The corresponding procedure can be followed for the integral representations of the type eq. (2.12), when the
contributions of the additional poles of ,(z) f,(t,) are accounted for. Corresponding to the regions of convergence
O0< |81 <|Cl, 18] <18 < 1&], etc., we now obtain series expansions involving Chaplygin functions convergent for
0< 7< 7, T, < T< Tg, ..., Where ¢, is implicitly defined by exp {s(z) —s(z,)} =|{,| aslong as the latter equation hasa
real solution, i¢. |{,| < e~ (cf. sec. 2.8.2).

2.7 Translation into the physical plane; determination of f,(t,).
2.7.1 After discussing these general procedures of analytical continuation we must proceed and specify f,(z,)

in such a way that not only convergence of the series expansions obtained is ensured but also that the general
characteristics of the solution as representing the flow around a body are retained under the transformation. In
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particular we know (sec. 2.2) that in contrast with the velocity potential, the streamfunction is one valued in the
physical plane for the circulatory incompressible potential flow around a body. The same property will have to hold
for the compressible flow solutions obtained from the operators under discussion. This can be achieved by the proper
choice of the function f,(t,) of sec. 2.3.2. This problem has been discussed in two different ways by Lighthill (refs. 24,
25), we will in sec. 2.7.3 follow the discussion given in ref. 25, IIL.

2.7.2 We have now first to consider the transformation corresponding to eq. (2.12) in the physical plane.
Substituting Im @ into the first of eq. (A. 7), this can be integrated to give

-~ : 3 1 k+ico F miv o 2 N
= (%) o 3], S ) + ) | a0
1 k4+im c:uiv R i 5 s e

o L m('f’v(")‘y,wv(f})fv(tl)'[_m¢(—c) ldg],

a<k<b, ®eM(af;a,b),Fr—0 <=n; Y1) = % Y1), (2.26)
and the bar denotes the complex conjugate.
Eq. (2.26) is determined to within a function of 7, the expression (2.26) can however also be shown to satisfy the
second of eq. (A. 7), and thus is determined up to an integration constant.
Next, we can remove the condition ®e M following the method of sec. 2.5.
First we note that for #e M («, f; a, b), we can obtain by integration by parts the equalities

Em o(-g~tar = T2 jm {ta(-0

% . +1 10t i
[ e-ommrar =22 {Zf dfde} (—~01d,
J - J—w fo
where {, is some arbitrary fixed point.
Substituting this into eq. (2.26), and evaluating by the residue theorem as in sec. 2.5, one obtains (cf. ref. 25, 111,
eq. (23))

r= (%) e [ 2 6 DAEIWAE) + 20}

; 1r¢ |
—z {1+18+;j logédz} {FE(T;T1)+2—TF1(T;H)}—
Lo

v=1

—f_l(r}){ (0) + 5 (T;H 7@ +

1 o2i
+E%F§(T;T1) - _ZTrFL(T;TI)} BN +
1 lelii-—r}ﬁ
+Z;%FF;I "-'1 F('c 'rl)[ I Errdz 4
¥ to
il +né
+Z{ Fi(z;7,) — F{t Tl)} e j é“'d:} (227)
r Lo

In the evaluation of the integral, the fact has been anticipated that the function f,(z,) required for circulatory flow
will have a pole at v=1. As before, F, is the residue of y(t)f,(z,) at v=r, and )  means summation of the residues

at all poles of (1) f,(r,), the prime indicating that r=1 is to be omitted. Again we have to identify the running
parameter point { with e*~% 7%,

2.7.3 We will now, almost word for word, reproduce Lighthill’s determination of f, (t,) based on the representation
of the compressible flow solution by the pair of egs. (2.23), (2.27), cf. ref. 25, III. (By a different method the same
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result could be obtained from the analysis of the explicit example given in chapter 5. This would parallel Lighthill’s

discussion in ref. 24. The present argument is, however, more general and essentially simpler.)

Considering first eq. (2.23) one notes that according to eq. (2.9}, the integrals [ ¢~"dz increase by I'(1—r) when

encircling once the body in the physical plane.
Then the imaginary part of eq. (2.23a) increases by

1
~r¥y(t-r - F,(r,7,)sin 8.

This can only be identically zero if to each pole at r=n (except r=1) there is one at #' = —n with the residue

1—n

Fo,=-—"F,.
" 1+n "

Now i, (t) has poles at v=—2, —3, ..., and so those of f,(t,) must be located at v=2, 3, ..., with possibly an addi-

tional pole at v=1. The residue of ¥,(1)f,(z;) at v= —m equals

_mcmwm (T)f—m(‘cl) ’
and so the residue of f,(z;) at v=m must be

14+m
m 1—m Cmf—m.(Tl) .

It is now easy to verify that

w—v(rl) +k(11)d/—v(r1) -‘

I—v ’

folry) =

where
k(t)~27, for 1,—-0,

Vole) = S0,

T

satisfies both the conditions imposéd in sec. 2.3.2 and the condition (2.28}.
Next consider the condition that eq. (2.27) (valid for f,(z,) having a pole at v=1) is one valued.
The peried of eq. (2.27) as the body is encircled in the positive direction, is

T\? T , 1 , 1 P
-7 m-—l)'F ¢—1(T)+5,EE[/—1(T) foilz) + Fl+z 1
1 1 . 1 1 \r—1 . H
il o} . i(1—~re Rl ~ f(L+r)d
+Zr:{<rFr+th,)e +(rF’ ZTF’) FFLC '

However, the series vanishes by virtue of condition (2.28), and it follows that Z is one valued if and only if

[ , 1
Rt g Fo [ + v @) =0,
Using egs. (2.29) and (A. 11) this becomes

1

W (ty) Hk(z) ¥y (19) =‘m NAGELIGAGIP

and this is identically satisfied by
k(ry) =217, .

Summarizing, one must choose in the circulatory flow case

fv(Tl) — i,b._\,(’fl) +_2:rl [!I’—v(rl) ,

- 1—v
the residues of the expression

‘f’v(f) l1{/—.v(1:1) '1"_2::1 lV—v(Tl)

are then given in the following table:

(2.28)

(2.29)

(2.30)
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poles v=r residues
r==2—3 .., =M. —mCy(t) Yn(t1) + 201 V(1) :_j: Yn(71)
P _¢1(T][¢—1(71}+2T1W—1(T1)]
E=2 By W v ljl“{r]'mcmwﬁﬂ:l@

In the non-circulatory flow case the integrals occurring in the expressions eq. (2.23), (2.27) are one valued, and any
f,(t,) admitting the conditions of sec. 2.3.2 can be used. In particular the simplest function

fle)=e™ (2.31)

is admissible ; on the other hand also the form (2.30) can be used. Examples of both cases will be presented in chapter 4.
2.8 Convergence of series expansions; continuation into the transonic régime

2.8.1 We can now discuss the convergence properties of the series expansions obtained.

First we investigate, again following Lighthill, the convergence of the series in the operators eq. (2.12) and (2.27),
with thef,(t,) given by eq. (2.30). These series will converge absolutely, using the asymptotic expansions egs. (A. 22a),
(A. 23) if both

rt t
J &rdz and j &rdz, [=es ¥
o {o
are 0(K") as r— oo, where |K| <e?*"*7% ie. if a path in the physical plane of the incompressible flow exists with
g 120=0781) - |F] cip28~8 %1 on jt.
This is the case under the condition that each point in the hodograph can be connected with the point {=1 by a
path on which the velocity is a monotone function. Then a path can be chosen on which

min (|{o|, €7%, %) < |{| < max(|{ol, €% &™)

for any 6 >0, and we must choose e 7~ %) < |{,| < "~ * for the estimate of the integrals to hold.
For the convergence of the operators involving the f,(z,) of eq. (2.31), where only the poles of i, (z) occur, only the
right hand side of the inequalities needs be observed.
It is clear that for the operators eqgs. (2.12) and (2.23) convergence can only by ensured for subsonic velocities,
y—1

<e M T < —,
1 s

2.8.2 Next we can consider the convergence of series expansions resulting from the method of continuation discus-
sed in sec. 2.6.

To indicate the convergence properties of these series, consider as an example the case in which an integral
representation for the potential in the incompressible flow in the form eq. (2.11b) can be evaluated as a series (cf.
eq. (2.24a))

o0
D= Z o i
n=0
When
n= im n+ 1 s
n=*ao Cﬂ

this series converges by d’Alembert’s criterion for
1
1§l <~
u

Among other series (which will later be shown to be convergent for 0< t< 1), the evaluation of the corresponding
integral representation eq. (2.12b) will yield a series (cf. eq. (2.24b))
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Z ¢, ‘/’n(rf;i ) —me

where f,(z,) is, e.g., either of the expressions eq. (2.30), (2.31).

For subsonic valuesof t |7 < ;j_Ti , the d’Alembert ratio of this series, using the asymptotic properties of
¥r,(7) (eq. A. 22a) and f,(z,) (eq. 2.13b), equals

pes,
and we have convergence if 7 is such that
s o L
S H
We will write this condition
T << Tlly )
where 1,,, is the solution of
es{z}—s{r:) — 1
I

bo

These convergence conditions take the place of the condition (2.17a) in the alternative version of the theory.
On the other hand, g can be such that '

e < 1
U
(o is the sonic value of s), in which case we can admit also_supersonic values of 7. (Note that while the evaluation
of the integral representation eq. (2.12) by the residue theorem can only be justified in the subsonic domain, the
resulting series may be continuable into the transonic régime).

Now using the asymptotic expansion eq. (A.25) for ¥, (1), = > %—I—i we note that for supersonic t the series can

be majorised by one for which the d’Alembert ratio becomes
| pesTe,

and this is < 1 by hypothesis, the series being convergent in the entire supersonic region (and in the subsonic region).

3 . -1 - . . . . .
Convergence of the series for the sonic value T = %ﬂ can also be investigated using the asymptotic expansions

of i, (z) for this value given in Lighthill's paper (ref. 25, II).

2.8.3 Wehave discussed in this chapter two different methods of relating a compressible flow to a given 1ncompres-
sible potential flow around a body.

The first method has the advantage of being based on operators defined in the physical plane of an arbitrary in-
compressible potential flow. This means that the generally very difficult algebraic problem of explicitly constructing
analytic potentials in the hodograph of the incompressibie flow, which moreover must be of a very special analyticai
structure, as discussed in sec. 2.6, can be avoided. On the other hand, this form of the theory is essentially restricted
to strictly subsonic flows. Lighthill indicates in ref. 25, how from this operator, when series expansions in the form
eq. (2.24)for (L) are available, series expansions converging also for supersonic values of t can be derived. An example
of the derivation of the results given in section 4.2 of this paper in this way, starting from the pair of eqgs. (2.23),
{2.27) and the function (2.31), has been given in ref. 34.

In the present paper, being mainly interested in obtaining results in the transonic region, the corresponding results
are much more directly obtained by starting from eqs. {2.12), (2.26). We have then to find an analytic hodograph
potential &({) admitting of the general condition discussed in sec. 2.6. In the next chapter it will be shown that the
hodograph of the incompressible potential flow around an elliptical cylinder admits actually of the even more re-
stricted condition ¢ € My, both in the non-circulatory and the circulatory flow case, The advantage compared with
the procedure in ref. 34 is then that we need not first reinvert order of integration to obtain the form of solution
required.

It will be shown in chapter 6, that the resulting class of “quasi-elliptical” transonic potential flows, when generalized
by adding further particular solutions, is sufficiently varied to be of considerable practical interest.
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Note Having now completed the construction of a general class of operators (of Lighthill’s form) relating an in-
compressible potential flow to a compressible one, a final remark is in order. We have obtained the condition
& — @ for g,,,,— oo in the sense discussed, and have provided iy =Im & with the correct behaviour in a neighbour-
hood of infinity in the physical plane. However, we did not explicitly ensure that the boundary of the body in the
incompressible flow is mapped on a closed curve in the physical plane of the compressible flow, and this in fact will
appear not to be the case in general. This difficulty will be discussed and solved in chapter 6.

3 Incompressible flow around an elliptical cylinder; hodograph and series expansions
3.1 Physical plane and hodograph flow for the non-circulatory and circulatory flow case

3.1.1 The complex potential @(z) associated with the incompressible circulatory flow around an elliptical cylinder
is obtained from that for the circular cylinder by Zhukovskii's transformation :

F

" log z', (3.1)

1
&(z)=2 +?+i

z=z'+ —.

Z

In this equation, the real constant I" denotes circulation. When e = ¢, €***, eq. (3.1) describes the plane flow around

; , 11—
an ellipse of axes-ratio %o
1+

— the major semi-axis enclosing an angle o with the direction of the unit asymptotic
0

velocity. Note that in the auxiliary z’ plane, the region |z| > 1 represents the flow around the body, and |z’| < 1 the
analytical continuation into the interior, cf. sec. 2.2.3.

Introducing the conjugate velocity

do
the hodograph transformation is obtained by eliminating z’ between egs. (3.1), (3.2)
T:z(®)—- {(P). (3.3)
It follows
- r\) ir
* = 0-00-0 - () | - e 34

from which it is seen that two stagnation points ({=0) exist for I' < 4.
Eliminating z' between egs. (3.1) and (3.4), the potential function in the hodograph variable { is obtained

_ 2—(14+8) B (C/an)*> )
{(1-e(1-0)}* { (I—GC)(l—C)}

L i (F/4n)> |* _ir (1-¢f 1—¢l
-l {.(1—@(1—@} 4ﬂ{(1—60(1—£) log 1—c}' (&%)

We will now first present a preliminary discussion (cf. sec. 2.2.2) of the structure of the hodograph manifold, for
the cases I'=0 and I' #0 separately; this will be made precise in the next section, where series expansions for the
hodograph potential and their analytic continuations will be given.

)

Note The hodograph transformation has been effected by algebraic elimination of z’ between egs. (3.1), (3.2),
which leads to the solution of an equation of the second degree in z". This procedure can be generalized to flows,
obtained from eq. (3.1a) by the conformal transformation

B, v

o
—_— ’ — —_—— ——
Z=2z + z’+ 72 +z’3

leading to a quartic, which still can be solved by radicals.

The resulting potentials will, however, not admit of the analytical condition discussed in sec. 2.6, and it will not
be possible to generalize the results of this paper in this direction. We will, however, generalize at a later stage by
adding particular solutions to the family of “quasi-elliptical” aerofoils, cf. chapter 6.
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3.1.2 For I'=0 one has from eq. (3.5)

K =‘.{(12—;S(J1ri)§)} ,(l—fc) +(%)% - e

the hodograph transformation (3.3) being given by

z?—1

B . Cézrz_a‘ - (37)
Eq.(3.7) describes the hodograph transformation as a Mébius transformation between the “z2 pIane and the hodo-
graph of the flow around the ellipse. This means that the analytic potential @ is defined on-a Riemann surface of
two sheets, both as a function of z and as a function of {, corresponding to the two determinations of the sign of
the root in eq. (3.6) and the inverse ofeq. (3.7). These Riemann surfaces will be called the physical and hodograph

. manifold respectively ; they map conformally onto each other. -

a) PHYSICAL PLANE FLOW ANDGENERATING FLOW" ON TWO SHEETED RIEMANN SURFACE

[-— V- coNsT.
q = CONST.
- —— 8= CONST.

‘ b} HODOGRAPH FLOW

_ \ -—o:z%%
7k Z'-PLANE
. {z.z = ) . |
if1-E; 1 ],,
2 2
e==ar I 2 L
¢ (94, e 1LE
| . az |26
. © Z-PLANE L-PLANE

Fig. 1 Physical and hodograph manifold for incompressible symmetrical flow around an elliptical cylinder.

A circle around the origin in the z'-plane is thus mapped on a doubly traversed circle in the {-plane; in particular
the circle z'=1, corresponding to the ellipse in the z-plane, maps onto such a circle, which contains in its interior
the image of the external flow around the body. The situation is sketched for real ¢ in fig. 1. The image of the
circle |z/| = ¥ is the “cut” between the focal points of the ellipse, which connects the “physical plane” with the “gener-
ating flow” situated in the second sheet of the physical manifold ; this circle degenerates in the hodograph into a

. . 1+¢. 3 . .
straight line (Re { = % in fig, 1) ."1_“he‘ correspondence between the physical plane and the generating flow can
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can be expressed in the symmetry { — ﬁ?,the further correspondence between the physical and hodograph
manifolds can be seen from fig. 1. ®

Clearly, the branch point singularities at { =1, { = % are of the first order as discussed in sec. 2.2.

3.1.3 In the case I'#0 the structure of the physical and hodograph manifolds is more complicated. Determining
the roots of the form in curly brackets in the first term in eq. (3.5), this equation can be rewritten:

0 =( 2+ 10 ) (- DG—0)+

# [ e (e ) () k-0 _{—1—_1_——103(1—@+l—igz+10g(1—e§)},[3.8)

1—ef ¢
where
1+e _ 1+e 4e R
fa=5 F "2?{1 T {i+ep (1 B 16;12) } : (39)
and the inequalities |{,| <1, |[{;] > ‘l hold for 0<I" <4, 1\> 1.
Now obviously the factors . .
L= {(:— 0=} * (3.10a, b)

again generate the structure of a Riemann surface of two sheets on the hodograph with first order branch points
CI,Cl of the type discussed in sec. 2.2.2. However, inspection of eq. (3.8) shows that in the neighbourhood of { =1,

ir 1 ir 1
(4nﬂ+f1) i(aé-wl) (3.11)

ir : ir :
+ (5; log 7?+f2), + (E log £+gz)

respectively, where n=1—{, {(=1—¢&l; the f, ,,g, , are functions regular at {=1,{ = E and the determination of
the sign depends on that of the branch chosen in the factor eq. (3.10). &
Thus, on the sheet corresponding to the values

1 ir 1 4n
= L S il — = L P ‘i“
L)=1, (E) et b)=h (s) e

the potential @ (eq. (3.8)) has a singularity of the type

_i_’{_n{_l'i_{' + log(1—0) }

= the first two terms can be written:

and

(dipole+ vortex) at (=1, and it is regular at { = % (cf. eq. 2.11). Alternatively in the other sheet the potential is

regular at {=1, and has a singularity of strength

+ log(1—e
at the point { = —

2]

It follows that {=1 and { = % are branch points of logarithmic type. The complex potential has a period —I'
and 0 when going once round (=1 and { = % respectively in the positive (counter clock-wise) sense in one sheet

of the function eq. (3.10b), and 0 and +I' in the other. For the stream function however, these points are not branch
points as the period is real.

A sketch of the mapping between the physical plane and the hodograph manifold has been prepared in fig. 2
for the case of fore and aft symmetry (¢ real). In the physical plane, both streamlines and isochores/isogonals have
been drawn to show the saddle point singularity at the image P of the branch point {,. The physical plane contains



STREAMLINES, ISCGONALS AND ISCCHORES IN PHYSICAL PLANE

—— LOWER SHEET]|
—-}W'CONST{UPPgR SHEET
—— 9 3CONST

—-— 8:=CONST

STREAMLINES |N TWQO SHEETED HODOGRAFH MANIFOLD

Fig. 2 Hodograph of symmetrical circulatory incompressible flow around elliptical cylinder : sireamlines, isochores and isogonals.

a region PABA'P bounded by ﬁart of the boundary contour and a curve on which #=0. The interior of this region
is mapped on the “second” sheet of the hodograph manifold, connected to the first sheet by the cut APA". For

simplicity’s sake the part of the flow generated by the singularities at {={, and { = % has not been considered in
the sketch. -

3.2 Mellin transforms

3.2.1 In this section, Mellin transforms for the analytic potentials egs. (3.6) and (3.5) will be coristructed. For these
potentials, the condition @& My, discussed in sec. 2.6.4 holds, with the proviso discussed in sec. 3.2.3. We first list
- the basic transform to.be used, and some particular cases:

Table 1a
I B 1
. (e—1)! (a+v—D1b+y—I} (—v—1)!
Flabse;d) (@=-Dlp—1)! (c+v—~1)!

regular for max (—a, —b)<Rev<0

1

b=¢ (1-0 @1

(v+a—11{—v—1}! —a<Rev<0

b=¢, a=1 - =

- —1<Rev<(
sin v :
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These transforms are simple transcriptions of the integral representations for the Euler B-function, and the hyper-
geometric function. The Mellin transforms required can now further be constructed using the relations eq. (2.25).

3.22 For the potential eq. (3.6), it is sufficient to consider the transform of:

I={(1-0(1-e0)}"*. (3.20)
Using the second transform of Table 1a and egs. (2.25d) and (2.25¢e), one obtains

= [ a2

| W(v—a-%}!{ahv—l)! (-1-0)l& (3.12b)

where —3<k<0, k—4<Rev<k.

The evaluation of this integral by the residue theorem is easily justified for |arg & < 2, |¢| < 1 (cf. ref. 48; 14,5),
and summing over the residues of the poles of (—1—¢)! and (v—o—4)! in the right hand o-half plane, using the
integral representation of the hypergeometric functions, one obtains

Table 1b
I {1}
{l_—i)[!_(;]‘;—_l)! F@,—v;4—v:e)
{(1=0(—ep)}~* (3.12¢)
vi(—v—3!
vt = Flhv+1;v+3;e)

Note that this expression has no pole in the interval —1 < Re v< 0: the contributions of the pole at v=—14 in
both terms cancel out, in fact the poles are at the real integers and v=0 only.

3.2.3 Using similar methods, one obtains also the Mellin transforms of the analytic potential eq. (3.8). However,
there is the difficulty here that functions like (1—{)* behave for |{| — cc, |{| - 0 in a way contrary to the conditions
for the theorem in sec. 2.1.1, so that no Mellin transform exists for these functions.

It is, however, easy to verify that the integral

1 (k4o (y=3)! (—v—1)!
HZ-E- k—icwo (_%)!

(which is obtained by analytical continuation for —1 <a <0 from the second transform in Table 1a) represents the
function

(=¢rdv, —%<k<0,

(1= = (=0, |arg(={)l<m,

and so this function is actually in M (n,w; —14, 0).

Correspondingly the function (1—{)* can be represented by the above integral, when the contour of integration is
curved so as to include the pole at v=1% on the left hand side, leaving v=0 on the right. Similarly, the product theorem
eq. (2.25e) can be applied to functions of this type in a somewhat modified form.

Now for convenience writing eq. (3.8) in the obvious way

@ = PV + P 4 @)

it is seen that the function @'V has, strictly speaking, no Mellin transform, the numbers a, b from sec. 2.1.1 both
being equal to zero. We can, however, in the way discussed above construct the expression given in Table 1c, and
interpret this as the Mellin transform of @) — (¢* +- ¢~ ¥). The constant in this expression is the constant term in the
expansion of ! in descending integral powers of {, represented by the residue at v=0 in the third series in Table 1c.
The transform of this function is initially defined in the strip —1 <Re v<0.

The function @®) has a proper Mellin transform, initially defined in the strip —1 <Re v<0 (and also in 0<Re
v<1); we will for later convenience in notation take the contour of integration for the first and third series of .# {®*}
(Table 1c) in the strip —3<Re v<0, but for the second and fourth series of .# {®*} (which are the transform of a
logarithmic function, cf. 2.2.3) in the strip 0<Re v <3, this only means the choice of a particular branch of the lo-
garithm. The function @ has also a regular behaviour, the initial strip of regularity being — 1 <Re v<0 for the
transform of the algebraic terms, and 0 <Re v<1 for that of the logarithmic ones.
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TABLE Ic
() | M D) EJO (=0 NdL, B=@W PRy gD
GLrtet @@y |5 (—nmu+s'")(:ﬂ}+—?ﬁﬂtv—m—%)! (o —vame i) r-
m= =) 3

cos nv (—5)‘:1'1r

- §(1+3" m= ‘1) (m—3)! F ( Lm—%m+1; L;)C;—l) Lymt
m=0 ) Cl CZ

-4
+ Z( I (1+em71) (v+m 1)’( v—rm— :)‘F( $v+m; v+m+%:g1)(_]) {yrmt

3 LG
- e ; ool e (amesmn s
_(41:) CaLafea® ) (“1)"'(1+3'"”)(dv_ﬁ;m)!(V—nl"-i)'F(%=—v+m+1 —vbmtd; ‘:1)‘?1‘“‘”"“
. =t (- "L,
+%m§o(— L+ -"')‘;’““i’;?( - f)rF(z,v+m+1 ++z§—)(§) [
B %MZD(H_BWRH) cos a.rv ((mz) Fr)n‘ F(T’ mmtl; gi) a
o (oo

Convergence of the series in the transforms can be investigated:
(1) by using the asymptotic properties of the factorial function;
(2) by noting that one can write by a well known property of the hypergeometric function :

£y

s 24
F (—%, —v+m; —v+m+3; Q)= (1 - gl) Fl-43; —v+m+3; 2 s
CZ CZ é _ 1

{2

and the series expansion of the right hand side converges asymptotically for ‘

21
1%

<1 and m large;

(3) and noting the inequalities written below eq. 3.9.
It follows that the Mellin transforms exist for all complex v, except for simple poles at the real integers and a
doubie pole at v=0.

3.3 Series expansions for the hodograph potential

3.3.1 Series expansions for the hodograph potentials & ({) can now be constructed by inversion of the Mellin trans-
forms

1 k+ieo

F)(={rdv, (3.14)

where F(v)= .4 {®}. In the inversion integrals to follow, we shall take the contour of integration in the initial strip

of regularity as discussed in sec. 3.2, but avoiding the point v= ~4.

Now first substitute the Mellin transform given in Table 1b. We have then to consider

271 i

I=% kj:dv(—{)"{((i—)_;)(;ﬂ—rf‘(?,_v TV S)+£v+%—%)"‘—F(2=V+1 v+ie )}, —1<k<0
' C (3.15)
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In eq. (3.15), arg { is restricted by the condit}on
—rx<arg(—{)<mn—arge (cf sec.2.3.1).
The evaluation of this integral by application of the residue theorem in the right and left hand v-half plane for
[Z] < 1and|{] > {1

for the hypergeometric functions, e.g.

P —vidmvid= (-9 (3o ),

respectively is easily justified, by estimating the factonals by Stirling’s formula and by writing

the series expansion for the hypergeometric function on the right being an asymptotic series with respect to v, for
le] < 1.
Now in the right hand v-half plane one has: for the first term on the right hand side of eq (3.15)

1n+1
(1) poles of (—v—1)!at v=0,1,2,. (remdue (= n)' at v= ) ,

(2) poles of (—v—3)! at v=43 .. "and for the second term
(3) poles of F(3, —v;3—v;¢) at v=43,...
The residues at (1) yield the series

Li= 3 bl (3.16)

;"lln = ((n 1)-%) (1 n;%—n;e)

convergent for |{| < 1. The residues of (2) cancel those at (3), and it follows that L, is a series representation of
I for ] < 1.
Similarly, evaluating the integral as the sum of residues in the left hand v-half plane, one obtains for I the series

) 1
representation convergent for |{| > ‘51

Ly= Z ’13|—n€~"
n=1
—331
= — .—."+%& A 3.
Asj—n= ‘e Ty 1)'F(2, n+1; n+2,e).l {3.16¢)

Finally, the first term in the integral (3.15) can be evaluated in the left hand v-half plane, and the second one in
the right hand v-half plane, noting that then the contributions of the semi-circles vanish in the limit for |{| > 1 and

ILl <

Deﬁnmg larg {] < = one obtains the series

respectlvely

L= Zolz|n+%¢'"+%+/lz|—n—*C_"_* {3.16b)
where
n+3)!
Arjnry =18 1 (—(%)1(51-1)! Fin+3; n+2;e)

(=) 1
Aa|mpey =1 —Dta Fn+d;n+1;¢)

for arg {=—60>0, and — L, initially in the region arg { < —arg s, as the validity of the integral was restricted by
the condition —n< Fn—f<n—arge.
However, the series expansion analytically continues the function into the regions where eq. (3.15) is not defined.

It follows that I is defined on a two sheeted Riemann surface with { =1 and ¢ = % as branch points, and we

will represent the analytical continuation of L, on this surface in the formula:
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_Ll —L3
L,
Ly Ly
' 3.17
L L (3.17)
JE—— ....-L2 R —
_Ll _L3

We can now immediately obtain the series expansions of the potential eq. 3.6 by writing for the coefficients

Cijp = 2Ai|P_ (1 +E)Ai|p—1 ’ (318)
where
Clo=2, Capo=—(1+g)*

The resulting series are to be continued according to the formula (3.17).

3.3.2 In the same way one obtains the series expansions and analytical continuations for the potential eq. (3.‘8)
from the Mellin transforms given in Table 1c. The contour of integration is taken in the initial strip of regularity as
discussed for the various terms in sec. 3.2.3.
There are now four singular points, and we indicate with an index j=1,...,5 the regions || < |{,|,
1
1540 <18 < 1, 1< < |-
Distinguishing in the transforms the terms preceded by a factor 1 by I, and those preceded by a power of ¢ by I,
we can close the contour of integration in the right hand {R) v-half plane and left hand (L) v-half plane as follows
{the numbers 1,...,9 refer'to the listing of the terms in Table 1c).

= < |{] <|{,] and |{]| = |{,| respectively.

1 II I II
ETEPY: 37 48 1,5 26 37 48 9 9
1 R R R R R R R R R R
2 L R R R L R R R R R
3 L L R L L R R R L R
4 L L R L L L R L L L
5 L L L L L L L L L L

The integrals eq. (3.14) can then be evaluated by the residue theorem, and &ield double series. Re-ordering the
terms (which is justified by absolute convergence) one obtains subsequently for arg { 20 (conveniently taking for the
time being & real) series expansions which are written:

1). 1). 1
L(l)s iLfi)s L(’.i)

j=23,4 (3.19)
G+ LY pRELP; p@h+ L
LY; $£+L‘33’; L§
i —Zzg?, i=1,2,3; j=1..,5.

The notation of these results is arranged as follows The coefficients in the series are given in Table 2, together with
the range of r. The series LY invélves a term — 4— log ¢, induced by the double pole at v=0 in the last expression

in Table 1c, which we have listed as a coefficient. The constants 4573 which are induced by the pole at v=0 of the
transform of &2 will be presently discussed. '

Now when the contours are all closed in either the left hand v-half plane or the right hand v-half plane (j=1, j=5)
~ only simple poles are enclosed situated at the integral values of v (as all other poles cancel out), with the exception
of the double pole just mentioned. It follows that the sign of the resulting series LY, LY does not depend on arg {.
The last of the transforms in Table 1c has also poles at the integers for j=3, together with the series L§” one obtains

. a‘p_ontribution % log ¥ ™ depending on whether arg ¢{ 20, from the double poleat v=0.In the remaining cases, the
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poles are at v=0, yiclding the constants u{%} 0 7 for j=2,3, 4, the sign of which doesnot depend on arg {; and at v=N+3%
the sign of the series depending then on arg ¢, as we have {— 1)’ =¢™ ™" for arg {2 0.

The determination of the integration constants can somewhat further be simplified by considering a number
of remarkable identities, as follows.

First consider the function &%, The first term in the Mellin transform of ¢! (Table Ic) is the transform of a
function, which can be represented by a series convergent for {{| > |{,|, given in the fourth series in Table 2a. In

particular, this serié_s converges for {=1and { = %, it follows that the function repiresented by this term in the
Mellin transform is regular at these points. A similar argument holds for the function represented by the third ex-

pression in the Mellin transform of &V, It follows, that the singularities of @M at {=1and { = % are represented

TABLE 2

Series expansions I =3 2 ("
r

b . ¥ 2Ly Hem2 242
‘ L n~m—P! ;.40
1| [8<(gd nz0 2 I+SM)WF( 5,—n+m,—n+m+§,c ){"' a
n m—2 -3
21 l<itl<1 n+3 =i Z L (n— ‘2‘)' F( ha—m—tn—m+1; Cl)(Cl) {pmnmd
m=0 (- %)' RIANT

Jhd mn {m—-4)t (_1 1, N ey
+lm§0(l+£ +l)m}7 E,M+7,m+2,a)‘:1

[ R | R e (n+m—%)’ ( Cl) kg
—h—zE —F +rm§°(1+s )—(u%)[(n+m+1)!F Aondmtfnm2; ; e
3 1<|C|<’l| nali i ﬂ}r( n—m—kn L C—)(C—])—%C"‘“”‘*
£ TEE = )(1’1 m) 2 ?;2 CZ 2

o0

. (r+m—4)! ( £y (1)_* e
—i e T F 4 pdmtgntma2; 22022 m-n=%
mo (=D p+m+ 1! * ® Cz) {2 3

> {m~4)! ( £y
+i En+m+1—_____F ,m+ ,m+2 _) m+ 3
,,.go (=D (m+1)! 20T o

n—1
—n—$< -3 IM:D(UITT;%F(—%,n—m—%;n7m+l;g—:)c,‘"’*ﬂ—f

+i i g" (ntm—3)!

c m+nt i
= %)l(n+m+1)|F( Lntm+hntm+2; Cz)c

m=0 \—F)M Cz [

i e - {n4-m—4)1 N f¢ ,,,;,._
el st | et = B0 i (b ) () G
—n—%< -3 —i E (1+s'"’*1)-(31—-ﬁ;‘i)—F ( n—m—gpn—m+l; C—)C"‘ =t
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= cwemeyy (m—3) A4 -
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TABLE 2 (eont.)
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by the original of the two remaining expressions in the Mellin transform. These can be written:

= (1) (1) v=4
i (of +ofVe ), (3.20)

the original of which is easily seen to be the function:

; a“‘l 0.{2” )
ig (1—8; g (3.20a)

o0

— %)
a&“=£?‘€£*s{F(—%,—%;l;c—‘)+ X gm—ﬂ)F (—%,m+=lr;m+2

m=0 (—3) (m+1)! )(r:’"“+c - 1)]

d““‘tl"“ﬁ

of) = {7t [F(—%,—‘ 3 )+ i —-Sﬂil)ﬁ( hmtdime2;s ){(ac "+ (ea)” ’"“}}-

However, we know the coefficient of i ,é ; n=1-—{, £=1—¢{ in the expansion of ¢'* in the neighbourhood of

{=1.0= % directly from eq. (3.8), and it follows (cf. eq. (3.11):
r i
(6. . (1) o gh
o =g O = (3.20b)
A similar argument holds for the potential ®?): two of the series from Table lc can be written:

M= E

-~ (2) 4 A2) v +d
e (e +ale* ), (3.21)
where
It £ o (m+3)! £
rxm=m—(—) _*E_*[F(l,l;l;rl-)+ F(,m-!—z;m-i-2 = R
0= (&) @ sl If ST PR ) @Y
&

e

r ) £ & (m+3)! . ,
o) = — (Z’“) {7te *[F(E::}!, I,é) + m=0@m‘ﬁp(%am+%,m+za

) {1+ (Bgz)_m_l}] '

2
The original of this function is:

1+e(d
—e*{* 3

1 .
if?) log gt i) e log (3.21a)

+*
{
and @'* is the sum of this function and a function regular at {=1,{ = % :

The period of this function when going round once in the positive sense around {=1,{ = . (i.e. in the sheet

where (¥=1 for {=1) equals —2na'?), —2na'? respectively. This period is twice the residue of the pole at v=0
in eq. (3.21))

On the other hand, we know the period of 45(21 to be I'/2 at either point in one sheet (and —I'/2 in the other,
eq. (3.11)), and it follows:

r 5y
(2 2 a=d
ol e o 87 = (3.21b)
At the same time, we can now identify the constants
I I I
#{:ﬁ]('] 7 ﬂ‘aﬂ) =t Fl(szﬁ: g

'The integration contours were chosen such that x5, =0.
We can also conclude that the constant u{f;, which is the residue of the pole at v=0 in the first and third term in
the Mellin transform of @'* (Table Ic):

m! T

r 2 e B b - v ey
o = (ﬁ) e :&@wp(ﬁmﬂ;m FHE G e ) 6T,

(3.21¢)

umi-m )
[ N3
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must have vanishing imaginary part: according to eq. (3.5) the value of &'# for { =0 is one of the numbers. + {I'/2x) -
-sin ™! (I'/4n) + kI'/2,and §® =kI/2 at { = co. By numerical computation, one identifies 43} to be the principle value
of I'/2— (I'/2r) sin™ ! (I'/4n).

It remains to consider the continuation of the series eq. (3.19) over the Riemann suface ## of the hodograph po-
tential. The continuations are represented in the following formulas (cf. eq. (3.19) and Table 2): '

— LY ‘ Ly
— v o LY o LY S
w 7%
(3.22a)
- LY L o
R T L Y 1 R
_ L&ll _ L(Sl)
r. _, @ r @ r 2
- -~ — — @
7t ok it 37
Lg o O 5+ LY
r r r r
7 gt Y 7+ 7 +1¢
(3.22b)
g - ZL sin~! — 4 L g - LY L + LY |
il L2 . . r 2
—-LP "© O —-5-L —
r -1 (2) I (2) r —_ [2
Tty gk gL 7L
g + LY |
LY O——-——@ LY. (3.22¢)
_r + LY :
4
The period of & (going round counter-clockwise) at the points {=1,{ = %is ['/2 in the “upper sheet” iésuing
1

. from the branch points {;,{,; and —I'/2 in the lower sheet. For @ the periodis —I'/2at{=1,and I'/2 at { = P

Going counter-clockwise around the image of the boundary streamline as sketched in fig. 2, the velocity potential
. is diminished by I'.

4 Compressible non-circutatory flow around quasi-elliptical aerofoil sections
4.1 Introduction

In this chapter, the non-circulatory compressible flow related to the incompressible flow around a circular cylinder
is studied, using both forms eqs. (2.12), (2.31) and (2.30) for the Chaplygin—Cherry—Lighthill transformation. The
results obtained using eqgs. (2.12), (2.31} are equivalent to those given by Levey (ref. 23), who used Cherry’s form of the
theory, and Nieuwland (ref. 34), who started from Lighthill’s theory in the form eqs. (2.23), (2.31). The use of the
transformation egs. (2.12), (2.30) is presented as an introduction to the circulatory flow case studied in chapter 5.

Explicit examples of the flows obtained will be given and discussed in chapter 6. It will appear that for real &,
symmetrical and closed aerofoils are obtained ; for complex ¢, yielding a-symmetrical flows, closure of the aerofoil
will have to be ensured by addition of a special solution.

4.2 Hodograph series solutions using the transformation egs. (2.12), (2.31)
' The transformation will be studied for the potential I given in eq. (3.12), the results required can then trivially be

obtained by transition to the coefficients given in eq. (3.18). Similar series can be obtained for 7, according to eq. (2.26),
or directly, by using the series obtained for i integrating the first of eq. (A.7). The latter procedure has, however, the




































































































































